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Classification with linear regression

We can use y = 0 for C; and y =1
for Cy (or vice-versa), and simply
use least-squares to predict g,
given x,. We can predict C; when
U« < 0.5 and Cy when g, > 0.5.
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Any problems with this approach?
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Logistic regression

We need to model p(y = Cy|x) and

p(y = Cs|x) such that they both are 1 --- Il - &(x)
> 0 and also sum to 1. For a new 1, __I
input x,, we can classify to C; when _ ' -0 (%)

- ks

P(Ys«]x4) < 0.5. X
We will use the logistic function. ¢(x) + (l“ f(xD =1
1
o(z) = 2P ey
1 + exp(x) ——— 14 exp(x)

We pass the linear-regression model
n, = X' B through the logistic func-
tion to get the probabilities.

pyn=Cilxn) =0(m),  plyn =Calx,) =1 —a(ny)

This figure visualizes the probabil-
ities obtained for a 2-D problem

(taken from KPM Chapter 7).
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The probabilistic model

Assuming that each vy, is indepen-
dent of others, we can define the
probability of y given X and (3:
)
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7zl

@ H p(yn = Ci|xn) H pyn—Czlxn)
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A better way to write this is to use
when

the coding y,, € {0,1}. ’f’(ﬂfc‘l/&v Y= C,
N when
© »iX.8) = [Lomy - o | 3G ), 36
n=1 —« - -« --
The log-likelihood is glven as follows:
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{B)= LasTe - g [1v en(57p)]

MaX1mum likelihood

We will use the following fact to de- -E loa [ [+ e_k]: v
rive the gradient. ot (+e

9 / = o(+)

— log[1 + exp(x)] = o(z) — e — — = = =
Ox
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Taking the gradient of the log- SF 2. -’-(-h B XG"(’(VF)
likelihood, we get the following: -
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Lm'l‘ Squares, — )(
Thsls 1S Slmﬂ?d(r t[:) the no;lmal equa- Db{ma W(X/b ) Wmﬂ)

tion for least-squares.

A
There are no closed-form solutions, Ldﬁf‘m.a
but we can use gradient descent.
Convexity ey § ( /5)
The negative of the log-likelihood >
—L16(08) is convex. = "‘“‘“ "i(/:lz)
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Proof I: The sum of a linear tfunction (‘
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and a (strictly) convex function is (53 E G, )3 bac )

(strictly) convex. _ 5:((_:,) E (X P) + 103,0,4-& ’f)
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Hessian of the Log-Likelihood

We will use the following fact: + Qét e-L_
d & TGt 1
9olt) _ o(t)[1 — o(t)] 3t i+ed Cl ¥ &t> e
ot 2
Taking the derivative of the gradient - - [Géb) } T ﬁu(t)
we get the Hessian, = ¢(t) [ [~ c’(t)]
0g(B) =T .~ 2 N

L S S S GOLS
’521-5(“ of ){"—7' 'ﬂ=laﬂ: e~

where S is a N x N diagonal matrix @H)x (>+) (D)

with diagonals X ) (5‘:" )[l . C-rf*”j
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s _ L _ ~T ~- -’\J-X
Newton’s Method -28)° b X [““(x(s) ?
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Gradient descent uses only first- Qu-a) ()
gradeesd 3
order information and takes StEDS et A ﬁ“’{_K .
in the direction of the gradient. Verton’ /5(-““ ) ﬂﬁ") -y HK 9 )
N

Newton’s method uses s_econd.—order wlee 9 - Pl [—S(ﬁﬂ
information and takes steps in the L) @
direction that minimizes a quadratic 31 Ef
approximation. He= 2 .
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Computational complexity +(/5 ﬂc«l) H, (A KD

Compare the computational com- - LT C_é (ﬁ ﬁ(kﬂ
plexity of least-squares and New- . : =
! o ™mik (03)
ton’s method. /@ ) Y9 ) Q(ﬁ)(é )
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Newton’s method is equivalent to = H 3

solving many least-squares prob-
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Penalized Logistic Regress%(hmuwfj Sebarable " cace,

The cost-function can be unbounded — as A > nf((b) - @
when the data 1s linearly separable. 1., fore Hee 5[,[,4 )
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Additional notes

Derivation of Newton’s method

The second-order approximation of a function is given as follows:
> LaB) = L") +gl(B - B"Y) + 58— B") HL(B - B")

The minimum of Lg is at ,B(k) — Hggk. A conservative option is to take
a small step in this direction using step-size aj, which is the step used
in Newton’s method.

Set a, using line search, e.g. the Armijo rule. See Section 8.3.2 of Kevin
Murphy’s book. A good implementation can be found on page 29 of

Bertsekas book “Non-linear programming”.

Iterative Recursive Least-Squares (IRLS)

(IRLS) expresses Newton’s method with ay, = 1 as a sequence of least-
squares problems. Below is the derivation and pseudo code.

IB(kH—l) _ I@(k) . Oék;nglgk; (1)
=Y~ (X'8,X) X (o~ y) 2)
— (X 8, X) (X $:X)8Y ~ X (04— y)]
— (X 8, X)X X, [XBH + SNy — o)
— (X' 8, X)X 8,2 (3)
where z;, = X3" + Sy — o).

1 for k = l:maxIters

2 sig = sigmoid (tXxbeta);

3 s = sig.x(l-siqg);

4 z = tXxbeta + (y-sig)./s;

5 beta = weightedLeastSquares(z,tX,s);
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Quasi-Newton

Read about L-BFGS in Section 8.3.5 of Kevin Murphy’s book. The key

idea is to approximate H usign a diagonal and a low-rank matrix.

To do

L.

5.
6.

Practice to derive the cost function using maximum likelihood
estimation.

Understand the normal equation.
Understand the interpretation of log-odds (JWHT Chapter 3).

Learn to prove convexity using the positive-definite property of
the Hessian.

Implement Newton’s method (part of next week’s lab).

Understand the relationship of Newton’s Method with IRLS.

1. Do exercise $-3 to 8-F in KPM boolk -

CCLQ‘D'[;EY on lgj;s ke ?eﬁ recs}on>



