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When the data is structured, e.g. vesisle 7 T b 140 )TT}
time-series data, prediction can \t L_/
be improved by 1ncorporat<fh3 the Data Y.
structure into the model. This can )
be accomplished by using ideas from (% (E 3 -Z-

both probability theory and graph In[evence
theory. The resulting field is called Glvewn Y & 8 | [ind 2
probabilistic graphical model.
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We will leé;n about DBayesian net- @ﬂae}/ rales
work where the distribution 'respects 2

. . E b/ 2)
a directed graphical structure. Our 2, ) +( / 2 ?(
main goal is to learn inference of the
latent variables using belief propaga-
tion.

-ol“-[; Lk ¥ 13\’10‘(

b(2/a)* #(2)

Post x Marg.Lik

Au exm’\HE
Z z
Bayesian netV\Ifork 75(""/ Z, BJF( >17 E
agychc
Given a directed %raph G and pa- 2y
rameters 6, a Bayesmn network de- \A /
fines the joint distribution as follows 9 —
r a)ca.u-\_“e
Hpe Tr|pay,), XB i X;/X %j Pl 1) /x, ’X)
ﬁ@}?ug
where pa;. are the parents of . Yoo X
Awother emula Nx /
aof % \l3 X4
NN Mg
44 5
Pl 2mm) - 4EIREILE) A hn)iibhs)



A simple example

Moby is the pet fish and Fluffy is
the pet cat. One day, you ofended
that Moby is missing. At the same
time, you notice that Flufty’s food
bowl is full.  You wonder what
happened.
Blue humbers ave 6-

There are three possibilities: (1)
Moby commited suicide (2) Fluffy

ate Moby (3) Fluffy is sick. 099 0-99
t;f:;:; Z, Z, 0-0] 0-0l
Moby commited suicide Fluffy ate Moby F|uffy is sick
I\/Ioby IS missing Fqufys food bowl is full
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Given y, = 1,y, = 0, and 8, we wish to find:
1. Probability that “Moby committed suicide” i.e. p(z1|ya, yp)-
2. Probability that “Fluffy ate Moby” i.e. p(2a|ya, yp)-
3. Probability that “Fluffy is sick” i.e. p(z3|ya, yp)-

There are the marginal posterior probability.
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Define y := {ya,yb_} Using Bayes’
rule, we can write the following:
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To compute p(21|ya, b, Ye), We can
marginalize 2o and z3. /
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Expanding we get the following:
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What is the computational complexity for D unknowns?
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Sum-product algorithm

We can reduce the complexity dras-
tically by using the structure of the
problem. We will use the sum-
product algorithm.

Z Zp(ya\zh 22)p(Ys| 22, 23)p(21)p(22)p(23)
= p(20){ > pyal21, 22)p(22)[ D Pyl 22, 23)p(25)] }

Flow chart of computation for p(z; = 1|y, = 1,4y, = 0)
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We can repeat the same procedure for z9 and zs3.

plzly) o< p(z0){ Y pyalzr, 22)p(22) [ Y p(yl2a, 23)p(23)] }
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plz2ly) o< p(22){ Y pyalzr, 22)p(210) [ Y p(yl2a, 23)p(23)] }
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plzsly) o p(zs){ Y pluslzo, 28)p(22) [ Y p(wsl21, 22)p(21)] }

z2 <1




Notice that there are many redundant computations. We
can reduce computation by reusing the redundant ones.

p(z1ly) xp(z1) ZP(%!ZL 29) p(22) ZP(%\ZQ, 23) &(is)

& m3_p(23)
< mp—2(22) )
< m2:>;(22) )
ma—:z(zl)
“‘-lf"lt Vﬁna“tS
Messages
Suppose, we have many 1a§ent N /N Y
variables z; and many observations v
Y. Also, assume that the graph “
between the observations and the observations

variables is bi-partite. In this graph, Neighbors

neighbours of observations are Varl N( ) - {af N (“) =313
ables, and vice-versa. Define N(i N(Q) = {a, bd N(b)=12,3}
to be the set of all neighbourhood N( ) 757

of z; and N(a) to be the set of all

neighbours of observation y,. Also, N (ﬂ / a = {b}

define the set N(7)\a to be the set

of “all neighbours of ¢ except a”. \ (l) / a =1 %

Define the messages from variables
to observations as shown below: \

J' \s
mz—)a Zz — Zz H mb—>z Zz
beN(i)\a $(2,) mbﬂ(zz)



Therefore, in our example, messages

from variables to observations are, ? \

mi—q(21) = p(21),

m2—>a(22> — p<2‘2)mb%2(22>7 ma., 1 (Z') = ZH“L){Z Am,__,gz’)
may(22) = P(22)Mas2(22), Za Y
m3_p(23) = p(23) L 2_(2’) -

Similarly, the messages from obser-
vations to variables are shown below:

Sum over

l c.l"‘"

ez = Y pwlPa) T myale)
Z :f-Z _ ]1:( jeN(a)\i

In our example, these can be written
as shown below:

ma—>1 2’1 ZP al?1s 22)777/2%@(22),

ma—>2 22 ZP al?1s 22)777/1%@(21),

mb—>2 Zz Z P yb\ZQ, 23)7713%(23)

<3

mb—>3 23 Z p yb‘ZQa 2’3)7712%(22)

<2

The first set of messages perform a
product operation, while the second
set performs the sum.
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Calculation of these messages for our
example are visualized in this figure.
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m1a(21) = p(21), AN 24
Ma—a(22) = p(22)Mip—2(22), 48 8o8
mQ—)b(ZQ) = P(Zz)ma%Q 22),
S maop(23) = p(23).

Ma—1(21) = Z P(Yal21, 22)Ma—a(22),

<2

Ma—2(22) = y:p(y_alzl, 22)M1a(21),

<1
my—2(22) = Y p(ysl22, 23)ms—(23),
23

mp—3(23) = Z P(Ys|z2, 23)ma—sp(22).




Belief Propagation

Here is a Belief propagation algo-
rithm for our example.

1. Initialize messages of variables
i to p(z;) and iterate until mes-
sages do not change:

(a) Send messages from vari-
ables to observations.

(b) Send messages from ob-
servations to variables.

2. Compute marginals by multi-
plying all the message received
at node 1.

p(zily) = p(z)) H Mj—a(Z))
j€N(a



Why will this work? See the path 1 <— a < 2 < b < 3.

p(z1ly) op(21) D plyal 21, 22) p(22) D ply|22, 23) ()

z2

m3_p(23)
) 3 R my_s2(22) ,
Xl,'-‘./ ’\\\J/ N m2—>a(22) ,
7" L ma—t;(zl)
f
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‘H,ome\l%t_k
See the path 1 — a — 2 < b+ 3.
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Homework

Exercise: Work out the example to compute p(z3).

rmlﬁa.(z'f)
0-99
B G-0l
ml-aa(zl)
M, 5, (32)
7'?,3_?,19(23)
0-99
0-0f

Ma - _2(22>

oK

¥

Homewsrk ' Set Y= 9

Discussion

e

W 1 (%)

&

mb_.73 (23)

pu

My, —>2(Zz)

pu

YJ{.‘-%Q(Z,)
00| |
— 1., | X
|| !
mZ—m(Z’)
0-ol| 1
— X
[ |1
mys3)
0-9 10-0\
X
O-( |0-0f
77’?—)5(23)
0-910|
0-0(|0-0l X

J N (ow\ [:JCe Cvu M‘\fjlnﬂls\

A c\}ev\eml, 3TQ“E>\’\E\ cal wode|,

Probabilistic graphical models also
contain other models such undi-
rected graphical models and factor
oraphs. Beliet propagation can be
applied to these models as well. The
main advantage of this method is
that it can be implemented using
distributed computation and is very
eficient for large sealte models.
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