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Overview and Goals
Goal: to design AI systems that can learn and improve continually throughout their 
lives, just like humans and animals. Currently, deep learning (DL) requires a large 
amount of data which is costly and rigid, leading to a system that is unable to quickly 
adapt. We aim to fix this with a new principle which we call Bayes-duality principles. 

Summary for the year 2023 (paper number shown in green boxes)
1. We propose memory-perturbation to understand sensitivity of algorithms to data.
2. We improve continual learning on ImageNet by adding memory (<10% of data).
3. We use memory to improve sequential learning in sparse Gaussian Process.
4. We give a simple recipe to derive variational Bayes updates.
5. We improve sample efficiency of RL by using a functional regularization.
6. We propose a structured inference method for Neural Processes.
7. We discuss challenges in annotating African languages.
8. We infer properties of Markov chains with sparse connection graphs.
9. We recover known sampling algorithms by means of information geometry.
10.We propose a reduction method for identity testing of Markov chains.

Continual lifelong learningStandard Deep Learning

Memory-Perturbation Equation Improving Continual Learning by Gradient Reconstructions
Problem: There are many well-known continual learning algorithms that work well, 
but is there a principled way to combine them?

2. Daxberger, Swaroop, Osawa, Yokota, Turner, Hernandez-Lobato, Khan, Improving Continual 
Learning by Accurate Gradient Reconstruction of the Past, TMLR 2023.

Contribution: Following Khan & Swaroop (2021), we design a regularizer that 
faithfully reconstruct gradients of past data by combining Memory Replay, Elastic-
Weight Consolidation, and Functional Regularization.

Other Works

1. Nickl, Xu*, Tailor*, Moellenhoff, Khan, The Memory Perturbation Equation: Understanding 
Model’s Sensitivity to Data, NeurIPS 2023.

Problem: Understanding model’s sensitivity to training data is crucial, but can be 
challenging and costly, especially during training (including existing work on influence 
measures, for example, Koh and Liang (2017)).

Δ ∝ PredError x PredVariance

Contribution: We use Bayesian principles to derive the Memory Perturbation 
Equation (MPE) which unifies and generalizes sensitivity measures to a wide-variety 
of algorithms and unravels useful properties regarding their sensitivities.

Deviation in posterior parameters (Δ) = Natural gradient of the example removed   

Sensitivities can be used to predict 
generalization error by using training data alone

CIFAR10, Resnet20

Test Neg. Log-Likelihood (NLL)
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(b) Evolution of sensitivities during training

Figure 3: Panel (a) shows, in the x-axis, the test NLL of trained models with a class removed. In
the y-axis, we show the respective leave-one-class-out (LOCO) estimates. Each marker correspond
to a specific class removed (text indicates class names). Results for two models on FMNIST are
shown. Both show good correlation between the test NLL and LOCO estimates; see the dashed
lines. Panel (b) shows the evolution of estimated sensitivities during training of LeNet5 on FMNIST.
As training progresses, the model becomes more and more sensitive to a small fraction of data.

LOO-CVTest NLL

Figure 4a)

(a) MLP on MNIST (b) LeNet5 on FMNIST (c) CNN on CIFAR-10

Figure 4: The test NLL (gray) almost perfectly matches the estimated LOO-CV error of Eq. 15
(black). The x-axis shows different values of � parameter of an L2-regularization �k✓k2/2.

The estimate uses an approximation: fi(✓\C
⇤ )� fi(✓⇤) ⇡ rfi(✓⇤)>H

�1
⇤

P
j2C r`j(✓⇤) ⇡ vi⇤ei⇤,

which is similar to Eq. 12, but uses an additional approximation
P

j2Cr`j(✓⇤) ⇡ r`i(✓⇤) to reduce
the computation due to matrix-vector multiplications (we rely on the same K-FAC approximation
used in the previous experiment). Results might improve when this approximation is relaxed. We
show results for two models: MLP and LeNet. Each marker corresponds to a specific class whose
names are indicated with the text. The dashed lines indicate the general trends, showing a good
correlation between the truth and estimate. The classes Shirt, Pullover are the most sensitive, while
the classes Bag, Trousers are least sensitive. A similar result for MNIST is in Fig. 11(d) of App. I.3.

Predicting generalization for hyperparameter tuning: We consider the tuning of the parameter �
for the L2-regularizer of form �k✓k2/2. Fig. 4 shows an almost perfect match between the test NLL
and the estimated LOO-CV error of Eq. 15. Additional figures with the test errors visualized on top
are included in Fig. 7 of App. I.4 where we again see a close match to the LOO-CV curves.

Predicting generalization during training: As discussed earlier, existing influence measures are
not designed to analyze sensitivity during training and care needs to be taken when using ad-hoc
strategies. We first show results for our proposed measure in Eq. 10 which gives reliable sensitivity
estimates during training. We use the improved-BLR method [35] which estimates the mean mt and
a vector preconditioner st during training. We can derive an estimate for the LOO error at the mean
mt following a derivation similar to Eqs. 14 and 15,

LOO(mt) ⇡ �

NX

i=1

log p(yi|�(fi(mt) + viteit)) (16)
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FMNIST, LeNet5

Algorithm Update Sensitivity
Newton’s method ✓t  ✓t�1 �H

�1
t�1rL(✓t�1) H

�1
t�1r`i(✓t)

Online Newton (ON) [28] ✓t  ✓t�1 � ⇢S�1
t rL(✓t�1) S

�1
t r`i(✓t)

ON (diagonal+minibatch) [28] ✓t  ✓t�1 � ⇢ s�1
t · r̂L(✓t�1) s

�1
t ·r`i(✓t)

iBLR (diagonal+minibatch) [35] mt  mt�1 � ⇢ s�1
t · r̂L(✓t�1) s

�1
t ·r`i(✓t)

RMSprop/Adam [30] ✓t  ✓t�1 � ⇢ s
� 1

2
t · r̂L(✓t�1) s

� 1
2

t ·r`i(✓t)

SGD ✓t  ✓t�1 � ⇢ r̂L(✓t�1) r`i(✓t)

Table 1: A list of algorithms and their sensitivity measures derived using Eq. 10. The second column
gives the update, most of which use pre-conditioners that are either matrices (Ht,St) or a vector
(st); see the full update equations in Eqs. 31 to 34 in App. C. The third column shows the associated
sensitivity measure to perturbation in the i’th example which can be interpreted as a step for the i
example but in the opposite direction. We denote the element-wise multiplication between vectors
by “·” and the minibatch gradients by r̂. For iBLR, ✓t is either mt or a sample from qt.

Plugging St from the second equation into the first one, we can recover the following expressions,

m̂
\M
t �mt = ⇢

�
Ŝ
\M
t

��1Eqt

h X

j2M
r`j(✓)

i
,

@m̂✏i
t

@✏i

����
✏i=0

= ⇢S�1
t Eqt [r`i(✓)] (10)

For the second equation, we omit the proof but it is similar to App. F, resulting in preconditioning
with St. For computational ease, we will approximate Ŝ

\M
t ⇡ St even in the first equation. We will

also approximate the expectation at a sample ✓t ⇠ qt or simply at the mean ✓t = mt. Ultimately,
the suggestion is to use S

�1
t r`i(✓t) as the sensitivity measure, or variations of it, for example, by

using a Monte-Carlo average over multiple samples.

Based on this, a list of algorithms and their corresponding measures is given in Table 1. All of
the algorithms can be derived as special instances of the BLR by making specific approximations
(see App. C.3). The measures are obtained by applying the exact same approximations to Eq. 10.
For example, Newton’s method is obtained when mt = ✓t, St = Ht�1, and expectations are
approximated by using the delta method at ✓t (similarly to Thm. 4). With these, we get

S
�1
t Eqt [r`i(✓)] ⇡ H

�1
t�1r`i(✓t), (11)

which is the measure shown in the first row of the table. In a similar fashion, we can derive measures
for other algorithms that use a slightly different approximations leading to a different preconditioner.
The exact strategy to update the preconditioners is given in Eqs. 31 to 34 of App. C.3. For all, the
sensitivity measure is simply an update step for the i’th example but in the opposite direction.

Table 1 shows an interplay between the training algorithm and sensitivity measures. For instance,
it suggests that the measure H

�1
t�1r`i(✓t) is justifiable for Newton’s method but might be inappro-

priate otherwise. In general, it is more appropriate to use the algorithm’s own preconditioner (if
they use one). The quality of preconditioner (and therefore the measure) is tied to the quality of
the posterior approximation. For example, RMSprop’s preconditioner is not a good estimator of the
posterior covariance when minibatch size is large [27, Thm. 1], therefore we should not expect it to
work well for large minibatches. In contrast, the ON method [28] explicitly builds a good estimate
of St during training and we expect it to give better (and more faithful) sensitivity estimates.

For SGD, our approach suggests using the gradient. This goes well with many existing approaches
[40, 42, 51, 3] but also gives a straightforward way to modify them when the training algorithm is
changed. For instance, the TracIn approach [42] builds sensitivity estimates during SGD training by
tracing r`j(✓t)>r`i(✓t) for many examples i and j. When the algorithm is switched, say to the
ON method, we simply need to trace r`j(✓t)>S

�1
t r`i(✓t). Such a modification is speculated in

[42, Sec 3.2] and the MPE provides a way to accomplish exactly that. It is also possible to mix and
match algorithms with different measures but caution is required. For example, to use the measure in
Eq. 11, say within a first-order method, the algorithm must be modified to build a well-conditioned
estimate of the Hessian. This can be tricky and can make the sensitivity measure fragile [5].

Extensions to non-differentiable loss functions and discontinuous parameter spaces is straightfor-
ward. For example, when using a Gaussian posterior, the measures in Eq. 10 can be modified to
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Figure 1: Using the principle of gradient reconstructions, we design a new prior (right) to combine di�erent
types of regularization and memory-based methods (left). EWC uses a quadratic regularizer based on the
old weight-vector wold and its importance Fold, while experience replay uses a memory M of past examples
along with their labels. Function regularization (FR) is similar but often does not use labels y. Our method
combines EWC, FR, and replay by using two memory sets, M1 and M2. The notable di�erences are that our
method’s importance matrix excludes the examples in M = M1 fiM2, and that experience replay is applied
only to the second memory set M2. The examples in M1 do not require labels, and can be compressed to
only keep a small set of representative inputs that may not be part of the old data; see Section 5 for details.

Two popular strategies of knowledge reuse are based on weight-regularization and experience replay. The two
strategies have complementary strengths. For example, the well-known Elastic-Weight Consolidation (EWC)
(Kirkpatrick et al., 2017), which regularizes the new weight-vector to keep it close to the old one, requires a
fixed memory size to store the weight vector and its importance. A variety of other such regularizers have
been proposed (Schwarz et al., 2018; Zenke et al., 2017; Li & Hoiem, 2017; Nguyen et al., 2018). Experience
replay (Robins, 1995; Shin et al., 2017), on the other hand, often increases memory as learning progresses.
Memory cost here can be substantial, but it can boost accuracy if the memory represents the past well.
Clearly, combining the two approaches can strike a good balance between performance and memory size.
At present, little has been done to find principled ways to combine them. Some works have used knowledge
distillation (Rebu� et al., 2017; Buzzega et al., 2020) or functional regularization (Titsias et al., 2020; Pan
et al., 2020), where predictions evaluated at the examples in memory are regularized. Such attempts are
promising, but it is not clear why the specific choices of regularizers and memory work well, and whether
there are better choices that lead to further improvements.

In this paper, we provide a new approach to combine and improve weight-regularization and experience
replay. The approach is based on a recently proposed principle of adaptation, where a prior called the
Knowledge-adaptation prior (K-prior) is used to reconstruct the gradients of the past training objective (Khan
& Swaroop, 2021). We use this as a guideline to design better priors for continual learning. Khan &
Swaroop (2021) consider only one-task adaptation, and relied on a simple quadratic regularizer without any
experience replay. We extend their method to multiple tasks and use it to combine a weight-regularizer, a
functional regularizer, and experience replay (Fig. 1). Each piece contributes in a complementary way to the
reduction of a di�erent type of error, and the combination overall gives lower gradient-reconstruction error
than each individual component. This leads to consistent improvements on standard benchmarks for multi-
task image classification in task-incremental continual learning, such as Split-CIFAR, Split-TinyImageNet,
and ImageNet-1000, across various memory budgets from small to large sizes. On these benchmarks, our
method can achieve > 80% of the batch performance by simply utilizing a memory of < 10% of the past
data. Our approach yields better strategies than the current heuristics used in the literature.
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Figure 4: Results on ImageNet-1000. EWC+FR+Replay performs favorably across a range of memory
sizes (left; x-axis log-scaled), and su�ers less from forgetting (relative to Batch Joint) with an increasing
number of tasks, here exemplary shown at the largest memory size of 7.5% (right).

2) weight-regularization – LwF (Li & Hoiem, 2017), EBLL (Rannen et al., 2017), EWC (Kirkpatrick et al.,
2017), SI (Zenke et al., 2017), MAS (Aljundi et al., 2018), mode-IMM (Lee et al., 2017), and 3) architectural
– PackNet (Mallya & Lazebnik, 2018), HAT (Serra et al., 2018) (Fig. 3 right).5

6.4 Results on ImageNet-1000

Setup. We consider the ImageNet-1000 benchmark proposed by Rebu� et al. (2017), which randomly splits
the full ImageNet dataset (Deng et al., 2009) of ≥1.2M data points into a sequence of 10 tasks with 100
classes and ≥120K data points each. Following Rebu� et al. (2017), we use a ResNet-18 with ≥11M model
parameters. For training on each task, we use the ImageNet reference training pipeline (with 40 epoch
configuration) of the FFCV library (Leclerc et al., 2022).6

Results. Fig. 4 shows our results on ImageNet-1000. We consider memory sizes between 200 and 10K per
task, where the latter amounts to 7.5% of the entire data. The observed trends qualitatively match those
from previous experiments. In particular, FR underperforms for small memory sizes, and while it improves
with increasing memory, it peaks at a 3.8% memory and then even starts declining. We hypothesize that this
is again due to accumulation of the NN error, which might become more severe with a larger memory as more
data points can contribute to the error. EWC+FR again improves accuracy for small memories, but does not
help for large memories. Finally, correcting for the NN error by additionally including the experience replay
term (EWC+FR+Replay) substantially boosts performance also at the large 7.5% memory. EWC+FR+Replay

thus combines the benefits of both error correction terms to perform well across all memory sizes, achieving
> 80% of the batch performance with a memory of < 10% of the past data. It also again su�ers less from
forgetting along the task sequence, demonstrating that it better mitigates error accumulation.

7 Conclusion

In this work, we proposed to address the continual learning problem in a theoretically-grounded way by
explicitly approximating the optimal model obtained via batch-training on all tasks jointly. To this end,
we developed EWC+FR+Replay, a new continual learning method which e�ciently re-uses prior knowledge
to reconstruct the gradients of the past training objective as faithfully as possible. To achieve this, our
method combines principles from function-regularization, weight-regularization, and experience replay to
reduce the gradient-reconstruction error. Empirically, we demonstrated the e�ectiveness and scalability of
EWC+FR+Replay across di�erent memory sizes on common task-incremental continual learning benchmarks.
In particular, we showed that our proposed EWC+FR+Replay approach can be less susceptible to catastrophic

5Results are from Delange et al. (2021); their total memory sizes [4500, 9000] correspond to [5.6%, 11.2%] of the data.
6For all details of the training procedure, see https://github.com/libffcv/ffcv-imagenet/.
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Result: We often obtain > 80% 
of the batch performance by 
using a memory of < 10% of 
the past data. 

On ImageNet-1000, by using 
7.5% past data, we achieve 
around 76% accuracy, 11% less 
than batch accuracy 87%.
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