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The Goal of My Research

“To understand the fundamental principles of 
learning from data and use them to develop 
algorithms that can learn like living beings.”
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Human Learning at 
the age of 6 months.
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Converged at the 
age of 12 months
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Transfer 
skills

at the age 
of 14 

months



Human learning           Deep learning
Life-long learning from 
small chunks of data in 
a non-stationary world
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Bulk learning from a 
large amount of data in 

a stationary world

Parisi, German I., et al. "Continual lifelong learning with neural networks: A review." Neural Networks (2019)

My current research focuses on reducing this gap!

Friston, K. "The free-energy principle: a unified brain theory?." Nature reviews neuroscience (2010)
Geisler, W. S., and Randy L. D. "Bayesian natural selection and the evolution of perceptual 
systems." Philosophical Transactions of the Royal Society of London. Biological Sciences (2002)

Bayesian



Bayesian learning       Deep learning
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Bayes DL
Can handle large data and complex models?

Scalable training?

Can estimate uncertainty?

Can perform sequential / active /online / 
incremental learning?

Bayesian models
(GPs, BayesNets, PGMs,)
Bayesian inference

(Bayes rule)

Deep models
(MLP, CNN, RNN etc.)

Stochastic training
(SGD, RMSprop, Adam)



Bringing the two together

To combine their complimentary 
strengths to solve challenging 

learning problems
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Deep Learning with Bayesian 
Principles

• Bayesian principles as a general principle
– To design/improve/generalize learning-algorithms
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Everything with one common principle.
9



Is this different from
Bayesian Deep Learning?
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Scope of the Tutorial

• Audience: Deep learners and Bayesians
• Goal: To bring the two together
• This tutorial is not about
– Bayesian deep-learning methods
– Classical Bayesian inference methods
– Approximate Bayesian Inference
– Uncertainty estimation
– Generative Models, VAE, etc.
– Gaussian processes and NN architectures
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Disclaimer

• I might not have time to discuss many 
important/relevant works
– If you think I should have included some of 

those, please send me email and I will try to 
include it the next time

• The content of the tutorial is based on my 
own biased opinion (and expertise)
– A lot of it is based on my own work (28 slides 

out of 62)

12



Deep Learning 
vs 

Bayesian Learning
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Data
Model Params

Loss
min
✓

`(D, ✓)
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Deep Learning (DL)
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Frequentist: Empirical Risk Minimization (ERM) or 
Maximum Likelihood Principle, etc.

Deep 
Network

✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

DL Algorithm:

Scales well to large data and complex model, and 
very good performance in practice.

=
NX

i=1

[yi � f✓(xi)]
2 + �✓T ✓

<latexit sha1_base64="35dHaU37lSqKfw2FE7jmhuPgfPA="></latexit>



Example: Which is a Better Fit?

Red

57%

Fr
eq

ue
nc

y

Magnitude of Earthquake
Real data from Tohoku (Japan). Example taken from Nate Silver’s book “The signal and noise”15

Blue

43%

More data Less data
Red is more 

risky than 
the blue



Example: Which is a Better Fit?
Uncertainty: 
“What the 

model does 
not know”

16Real data from Tohoku (Japan). Example taken from Nate Silver’s book “The signal and noise”

Fr
eq

ue
nc

y

Magnitude of Earthquake
More data Less data

Choose less 
risky options!

Avoid data 
bias with 

uncertainty!



Bayesian Principles

17

1. Sample prior✓ ⇠ p(✓)
<latexit sha1_base64="6f4F5Jt/V0jQjNzYz5/VOb7SUO8=">AAAB/nicbVDLSsNAFJ34rPUVFVeCDBahbkqiiK6k4MZlBfuAJpTJdNoOnUzCzI1QQsHf0J0bF4q49Tvc+TdOmi609cCFM+fcy9x7glhwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ0eJoqxOIxGpVkA0E1yyOnAQrBUrRsJAsGYwvM785j1TmkfyDkYx80PSl7zHKQEjdex9DwYMCPY0D3Fczl8nHbvkVJwJ8Dxxp6RUPXzM8FTr2F9eN6JJyCRQQbRuu04MfkoUcCrYuOglmsWEDkmftQ2VJGTaTyfrj/GxUbq4FylTEvBE/T2RklDrURiYzpDAQM96mfif106gd+mnXMYJMEnzj3qJwBDhLAvc5YpRECNDCFXc7IrpgChCwSRWNCG4syfPk8ZpxT2rnN+aNK5QjgI6QEeojFx0garoBtVQHVGUomf0it6sB+vFerc+8tYFazqzh/7A+vwBmI2Y+w==</latexit>

p(D|✓) =
NY

i=1

p(yi|f✓(xi))
<latexit sha1_base64="lgQl6uiYKQWRGo5lURHRnLK1F40="></latexit>

2. Score Likelihood

p(✓|D) =
p(D|✓)p(✓)R
p(D|✓)p(✓)d✓

<latexit sha1_base64="yHN3MaBHhvH4Svriv/k7e5689tA="></latexit>

PriorLikelihood xPosterior

3. Normalize

A global method: Integrates over all models
Does not scale to large problem

100

50

5010

10

20



Which is a good classifier?
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Which is a good classifier?
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“What the model 
does not know”



Sequential Bayesian Inference
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p(✓|D1) =
p(D1|✓)p(✓)R
p(D1|✓)p(✓)d✓

<latexit sha1_base64="DncnTbVeanoBVRLXa1jWS8YCVug="></latexit>

p(D3|✓)p(D2|✓)p(D1|✓)p(✓)
<latexit sha1_base64="Er3weY3F4O2Aq5dcLppF3OP81+o="></latexit> p(✓|D1) =

<latexit sha1_base64="+GIzmnmtUQaXLqxKOt1LiBTgTwk=">AAACA3icbVDLSgNBEJyNrxhfq94UZDAI8RJ2FdGLEtCDxwjmAdllmZ1MkiGzD2Z6hbAGvPgR+gFePCji1Z/w5t84m3jQxIKGoqqb7i4/FlyBZX0ZuZnZufmF/GJhaXlldc1c36irKJGU1WgkItn0iWKCh6wGHARrxpKRwBes4ffPM79xw6TiUXgNg5i5AemGvMMpAS155lZccqDHgNw6AYEeJSK9GHr2Pj7Fnlm0ytYIeJrYP6RY2XnI8Fj1zE+nHdEkYCFQQZRq2VYMbkokcCrYsOAkisWE9kmXtTQNScCUm45+GOI9rbRxJ5K6QsAj9fdESgKlBoGvO7ND1aSXif95rQQ6J27KwzgBFtLxok4iMEQ4CwS3uWQUxEATQiXXt2LaI5JQ0LEVdAj25MvTpH5Qtg/LR1c6jTM0Rh5to11UQjY6RhV0iaqohii6Q0/oBb0a98az8Wa8j1tzxs/MJvoD4+Mb/uua0Q==</latexit>

p(D3|✓)p(D2|✓)p(✓|D1)
<latexit sha1_base64="rDPoMLGueyZxm0Q/LQRAvGpgXWE="></latexit>

p(✓|D2,D1) =
p(D2|✓)p(✓|D1)R
p(D2|✓)p(✓|D1)d✓

<latexit sha1_base64="5IKqIlUc+Wi0J7ui/TYNIYOyjxk="></latexit>

p(✓|D2,D1) =
<latexit sha1_base64="FhI/WGBzg4B+8p/CGzIMDqOWUvA=">AAACEnicbVC7SgNBFJ2Nrxhfq5aCDAYhAQm7EdFGCWhhGcE8IBvC7GSSDJl9MHNXCGu+wcZG/8PGQhFbKzv/xtkkRUw8MHDmnHu59x43FFyBZf0YqYXFpeWV9GpmbX1jc8vc3qmqIJKUVWggAll3iWKC+6wCHASrh5IRzxWs5vYvE792x6TigX8Lg5A1PdL1eYdTAlpqmfkw50CPAbl3PAI9SkR8NWwVj/D0187jc9wys1bBGgHPE3tCsqX9pwTP5Zb57bQDGnnMByqIUg3bCqEZEwmcCjbMOJFiIaF90mUNTX3iMdWMRycN8aFW2rgTSP18wCN1uiMmnlIDz9WVyaJq1kvE/7xGBJ2zZsz9MALm0/GgTiQwBDjJB7e5ZBTEQBNCJde7YtojklDQKWZ0CPbsyfOkWizYx4WTG53GBRojjfbQAcohG52iErpGZVRBFD2gF/SG3o1H49X4MD7HpSlj0rOL/sD4+gXyyaC2</latexit>

Set the prior to the previous 
posterior and recompute:

The global property enables sequential update



Bayesian learning       Deep learning
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Integration (global) Differentiation (local)

p(✓|D) =
p(D|✓)p(✓)R
p(D|✓)p(✓)d✓

<latexit sha1_base64="yHN3MaBHhvH4Svriv/k7e5689tA="></latexit>

✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

Bayes DL
Can handle large data and complex models?

Scalable training?

Can estimate uncertainty?

Can perform sequential / active /online / 
incremental learning?



Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.

22



Bayesian principles to derive 
Learning-Algorithms

Main ideas: Introduce “posterior approximations” 
and the “Bayesian learning rule” to estimate them

23

Complex Simple

Bayes’ rule 
Gradient
DescentNewtonEnsemble



Exponential Family Approximations
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Expectation 
parameters 

Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

Gaussian distribution q(✓) := N (✓|m,S�1)
<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

Expectation parameters 
Natural parameters � := {Sm,�S/2}

<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

µ := Eq[T (✓)]
<latexit sha1_base64="LPBDEixPJmnwey2trRKnRMoK/Bk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLR4MQm7CriCIogSBYRsgLskuYnUySIbMPZ+4qYUlhYaO1X2FjoYitn2Dn3zh5FJp44MLhnHu59x43FFyBaX4biZnZufmF5GJqaXlldS29vlFRQSQpK9NABLLmEsUE91kZOAhWCyUjnitY1e0WBn71hknFA78EvZA5Hmn7vMUpAS010tu2F+HTM2x7BDquG1/0G9d1XMra0GFA9p1GOmPmzCHwNLHGJJPfuRWPhae7YiP9ZTcDGnnMByqIUnXLDMGJiQROBeun7EixkNAuabO6pj7xmHLi4SN9vKeVJm4FUpcPeKj+noiJp1TPc3Xn4F416Q3E/7x6BK0TJ+Z+GAHz6WhRKxIYAjxIBTe5ZBRETxNCJde3YtohklDQ2aV0CNbky9OkcpCzDnNHVzqNczRCEm2hXZRFFjpGeXSJiqiMKLpHz+gVvRkPxovxbnyMWhPGeGYT/YHx+QMhgpvD</latexit>

N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

/ exp


(Sm)>✓ +Tr

✓
�S

2
✓✓>

◆�

<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>



Bayesian Learning Rule
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Bayes learning rule:

Natural and Expectation parameters of 
an exponential family distribution q

1. Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Deep Learning algo: ✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

min
✓

`(✓)
<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

Entropy

Deep Learning algorithms can be obtained by 
1. Choosing an appropriate approximation q, 
2. Giving away the “global” property of the rule



Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.

26



Gradient Descent from Bayes
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Derived by choosing Gaussian with fixed covariance

1. Khan and Rue. “Learning-Algorithms from Bayesian Principles” (2019) (work in progress, an early draft 
available at https://emtiyaz.github.io/papers/learning_from_bayes.pdf)

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

m m� ⇢rmEq[`(✓)]
<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

m m� ⇢rm`(m)
<latexit sha1_base64="98CcIRFFgD6zRorNq9GoJPRyZI4=">AAACEHicbVA9SwNBEN3z2/gVtRRkUUQtDHeKaCWCjWUEE4VcCHObObO4H8funhJCfoKNnf4NGwtFbC3t/DduEgu/Hgw83pthZl6SCW5dGH4EQ8Mjo2PjE5OFqemZ2bni/ELV6twwrDAttDlPwKLgCiuOO4HnmUGQicCz5PKo559dobFcq1PXzrAu4ULxlDNwXmoU1yWNBaYOjNHXVNItGpuWpjRWkAhoeBeF2JCbjeJqWAr7oH9J9EVWD5fvergvN4rvcVOzXKJyTIC1tSjMXL0DxnEmsFuIc4sZsEu4wJqnCiTaeqf/UJeueaVJU218KUf76veJDkhr2zLxnRJcy/72euJ/Xi136X69w1WWO1RssCjNBXWa9tKhTW6QOdH2BJjh/lbKWmCAOZ9hwYcQ/X75L6lul6Kd0u6JT+OADDBBlsgK2SAR2SOH5JiUSYUwckMeyBN5Dm6Dx+AleB20DgVfM4vkB4K3T4sKn2A=</latexit>

Gradient descent:

Eq[`(✓)] ⇡ `(m)
<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

“Global” to “local”

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
<latexit sha1_base64="TeFJTJQysL/svzgL44d23d+iA7k=">AAACB3icbVC7SgNBFJ2NrxhfqxYWggwGYdPE3YhEBCFgkzKCeUB2CbOT2WTI7MOZWSEs6Wys/A8bC0Vs9RPs/BFrZ5MUmnjgwuGce7n3HjdiVEjT/NIyC4tLyyvZ1dza+sbmlr690xBhzDGp45CFvOUiQRgNSF1SyUgr4gT5LiNNd3CZ+s1bwgUNg2s5jIjjo15APYqRVFJHP7B9JPsYsaQ6Mm4K8PwC2izsGSU7ooXjUkfPm0VzDDhPrCnJV/bijwfb+K519E+7G+LYJ4HEDAnRtsxIOgnikmJGRjk7FiRCeIB6pK1ogHwinGT8xwgeKaULvZCrCiQcq78nEuQLMfRd1ZleLWa9VPzPa8fSO3MSGkSxJAGeLPJiBmUI01Bgl3KCJRsqgjCn6laI+4gjLFV0ORWCNfvyPGmUitZJ8fRKpVEGE2TBPjgEBrBAGVRAFdRAHWBwBx7BM3jR7rUn7VV7m7RmtOnMLvgD7f0H5ASbDA==</latexit>

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

Using 
stochastic 
gradients, 

we get SGD

Bayes Learn Rule:

https://emtiyaz.github.io/papers/learning_from_bayes.pdf


Newton’s Method from Bayes
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

� (1� ⇢)�� ⇢rµEq[`(✓)]
<latexit sha1_base64="BkNToCKatl5ZdzOolUcQDn7KoPQ="></latexit>

�rµH(q) = �
<latexit sha1_base64="zzQxPR53TnAKbwz7GwCTcLjExB4=">AAACDnicbVA9TwJBEN3DL8Qv1NJmlZBgIbnTGG00JDSUmMhHwhEytyywYW/v3N3TkAuFNY2NP8TGQmNsre38Ny5goeBLNnl5b2Z25nkhZ0rb9peVWFhcWl5JrqbW1jc2t9LbO1UVRJLQCgl4IOseKMqZoBXNNKf1UFLwPU5rXr849mu3VCoWiGs9CGnTh65gHUZAG6mVzh5hV4DHoeX6EXZ90D0CPC4NczeH+AK73IxqQyudsfP2BHieOD8kU9i/46Pi4325lf502wGJfCo04aBUw7FD3YxBakY4HabcSNEQSB+6tGGoAJ+qZjw5Z4izRmnjTiDNExpP1N8dMfhKDXzPVI73VbPeWPzPa0S6c96MmQgjTQWZftSJONYBHmeD20xSovnAECCSmV0x6YEEok2CKROCM3vyPKke552T/OmVSeMSTZFEe+gA5ZCDzlABlVAZVRBBI/SEXtCr9WA9W2/W+7Q0Yf307KI/sD6+AXn3nho=</latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

� �� ⇢ (rµEq[`(✓)] + �)
<latexit sha1_base64="jKVIoiZqP+0Cz4aycu5oQngzcqI="></latexit>

Sm (1� ⇢)Sm� ⇢rEq(✓)Eq[`(✓)]
<latexit sha1_base64="L0YxREwgd4xVW52Hx4kXKtg8eag="></latexit>

�1

2
S  �(1� ⇢)

1

2
S + ⇢rEq(✓✓>)Eq[`(✓)]

<latexit sha1_base64="RvTTRGcWhoKWYWyVOATRBqr356E="></latexit>

S  (1� ⇢)S � ⇢2rEq(✓✓>)Eq[`(✓)]
<latexit sha1_base64="m7F8o13Jqv7EzTrgw8ytR43m1nI="></latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).



Newton’s Method from Bayes

29

Sm (1� ⇢)Sm� ⇢rEq(✓)Eq[`(✓)]
<latexit sha1_base64="L0YxREwgd4xVW52Hx4kXKtg8eag="></latexit>

S  (1� ⇢)S � ⇢2rEq(✓✓>)Eq[`(✓)]
<latexit sha1_base64="m7F8o13Jqv7EzTrgw8ytR43m1nI="></latexit>

m m� ⇢S
�1rm`(m)

S  (1� ⇢)S + ⇢Hm
<latexit sha1_base64="v9K1a5jlFvx60cg+XbCII4W4H7U="></latexit>

rEq(✓)Eq[`(✓)] = Eq[r✓`(✓)]� 2Eq[H✓]m

rEq(✓✓>)Eq[`(✓)] = Eq[H✓]
<latexit sha1_base64="1tKNoi6a6uPuQLwufe4gfqBe06A="></latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

Express in terms of gradient and Hessian of loss:
Eq[`(✓)] ⇡ `(m)

<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

“Global” to “local”

Set    =1 to get m m�H
�1
m [rm`(m)]

<latexit sha1_base64="30gUsIDe7mBYYbgyknga5qh7a6I=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIoeEnZ9oCcRvHhUMCpk16V30quDM7PLzKwSlnyFF3/FiwdFvIo3/8ZJzMFXQUNR1U13V5ILbqzvf3hDwyOjY+MTk5Wp6ZnZuer8wqnJCs2wyTKR6fMEDAqusGm5FXieawSZCDxLrg96/tkNasMzdWI7OUYSLhVPOQPrpLhal3Q1FJha0Dq7pZLW6WEsL8p60KWtUEEiIJY0RCHW5HoUV2t+w++D/iXBgNTIAEdx9T1sZ6yQqCwTYEwr8HMblaAtZwK7lbAwmAO7hktsOapAoonK/ltduuKUNk0z7UpZ2le/T5QgjenIxHVKsFfmt9cT//NahU13o5KrvLCo2NeitBDUZrSXEW1zjcyKjiPANHe3UnYFGph1SVZcCMHvl/+S041GsNnYPt6q7e8N4pggS2SZrJGA7JB9ckiOSJMwckceyBN59u69R+/Fe/1qHfIGM4vkB7y3T0BGnYw=</latexit>

⇢
<latexit sha1_base64="LY4aJqz59GMbQ6sd5USq7FFmmvw=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QE8S8OIxgjGBZAmzk9nskHksM7NCCPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcqZsb7/7ZVWVtfWN8qbla3tnd296v7Bo1GZJrRFFFe6E2FDOZO0ZZnltJNqikXEaTsa3eZ++4lqw5R8sOOUhgIPJYsZwTaXejpR/WrNr/szoGUSFKQGBZr96ldvoEgmqLSEY2O6gZ/acIK1ZYTTaaWXGZpiMsJD2nVUYkFNOJndOkUnThmgWGlX0qKZ+ntigoUxYxG5ToFtYha9XPzP62Y2vg4nTKaZpZLMF8UZR1ah/HE0YJoSy8eOYKKZuxWRBGtMrIun4kIIFl9eJo9n9eC8fnl/UWvcFHGU4QiO4RQCuIIG3EETWkAggWd4hTdPeC/eu/cxby15xcwh/IH3+QMgvI5K</latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).



RMSprop/Adam from Bayes

301. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

RMSprop
Bayesian Learning rule for
multivariate Gaussian

To get RMSprop, make the following choices
• Choose Gaussian with diagonal covariance
• Replace Hessian by square of gradients
• Add square root for scaling vector

S  (1� ⇢)S + ⇢(H✓)

m m� ↵S
�1r✓`(✓)

<latexit sha1_base64="fTMsyehhC7I4gYoyh5dms3QHSNE="></latexit>

s (1� ⇢)s+ ⇢[r̂`(✓)]2

✓  ✓ � ↵(
p
s+ �)�1r̂`(✓)

<latexit sha1_base64="RyiZAK7rqVMEqEFbAuWUs+AixI0="></latexit>

For Adam, use a Heavy-ball term with KL 
divergence as momentum (Appendix E in [1])



Summary
• Gradient descent is derived using a Gaussian with fixed 

covariance, and estimating the mean 
• Newton’s method is derived using multivariate Gaussian
• RMSprop is derived using diagonal covariance
• Adam is derived by adding heavy-ball momentum term
• For “ensemble of Newton”, use Mixture of Gaussians [1]
• To derive DL algorithms, we need to switch from a 

“global” to “local” approximation
• Then, to improve DL algorithms, we just need to add 

some “global” touch to the DL algorithms
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Eq[`(✓)] ⇡ `(m)
<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

1. Lin, Wu, Mohammad Emtiyaz Khan, and Mark Schmidt. "Fast and Simple Natural-Gradient Variational 
Inference with Mixture of Exponential-family Approximations." ICML (2019).



Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.
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Good news: This holds for a generic loss function!
Zellner (1988), Bissiri, et al. (2016), Shawe-Taylor and Williamson (1997), Cesa-Bianchi and Lugosi (2006)
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Restrict the set of distribution from P to Q
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This is known as Variational Inference, but along 
with the Bayesian learning rule, it enables us to 
derive many more algorithms (including Bayes’ 
rule). So this is not just a method, but a principle.
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Sufficient 
statistics of q

Ex: Linear model, Kalman filters, HMM, etc.
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Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Forward-backward, SVI, Variational message passing 
etc. are special cases of the same Bayesian principles  
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Derived by choosing a multivariate Gaussian, then 
running the following Newton’s update

Bayesian principles we discussed are general 
principles to derive learning algorithms

Calling them variational inference limits their scope!



Learning-Algorithms from Bayesian 
Principles
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– Classical algorithms: Least-squares, gradient descent, Newton’s 
method, Kalman filters, Baum-Welch, Forward-backward, etc.

– Bayesian inference: EM, Laplace’s method, SVI, VMP.
– Deep learning: SGD, RMSprop, Adam.
– Reinforcement learning: parameter-space exploration, natural 

policy-search.
– Continual learning: Elastic-weight consolidation.
– Online learning: Exponential-weight average.
– Global optimization: Natural evolutionary strategies, Gaussian 

homotopy, continuation method & smoothed optimization.

Bayesian learning rule:
Given a loss, we can recover a variety of learning 

algorithms by choosing an appropriate q

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

1. Khan and Rue. “Learning-Algorithms from Bayesian Principles” (2019) (work in progress, an early draft 
available at https://emtiyaz.github.io/papers/learning_from_bayes.pdf)

https://emtiyaz.github.io/papers/learning_from_bayes.pdf


Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.
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Uncertainty Estimation for 
Deep Learning

New deep-learning algorithms
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Uncertainty for Robust Decisions

Uncertainty: 
“What the 

model does 
not know”

40Real data from Tohoku (Japan). Example taken from Nate Silver’s book “The signal and noise”
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(a) Input Image (b) Ground Truth (c) Semantic
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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Uncertainty Estimation for Image 
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to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.

2

Kendall, Alex, Yarin Gal, and Roberto Cipolla. "Multi-task learning using uncertainty to weigh losses for 
scene geometry and semantics." CVPR. 2018.



(Some) Bayesian Deep Learning 
Methods

• SGD based (MC-dropout [1], SWAG [2], 
Laplace [3])
– Pros: Scales well to large problems
– Cons: Not flexible

• Variational inference methods [1, 2]

– Pros: Enable flexible distributions
– Cons: Do not scale to large problems (ImageNet)

42

� �� ⇢r� (Eq[`(✓)]�H(q))
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1. Gal and Ghahramani. "Dropout as a bayesian approximation…” ICML. 2016.
2. Maddox, Wesley, et al. "A simple baseline for bayesian uncertainty in deep learning." arXiv (2019).
3. Ritter et al. "A scalable laplace approximation for neural networks." (2018).
4. Graves, Alex. "Practical variational inference for neural networks." NeurIPS (2011).
5. Blundell, Charles, et al. "Weight uncertainty in neural networks." ICML (2015).



Scaling up VI to ImageNet
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VOGN, an Adam-like algorithm, for uncertainty

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).



• Improve RMSprop with the Bayesian “touch”
– Remove the “local” approximation
– Use a second-order approximation
– No square root of the scale

• Improve VOGN by using deep learning tricks
– Momentum, batch norm, data augmentation etc

Variational Online Gauss-Newton

44

RMSprop VOGN
g  r̂`(✓)
s (1� ⇢)s+ ⇢g2

✓  ✓ � ↵(
p
s+ �)�1g

<latexit sha1_base64="t5q2yBti/klN8/Dj8jBbc/zSivM="></latexit>

g  r̂`(✓), where ✓ ⇠ N (m,�2)

s (1� ⇢)s+ ⇢(⌃ig
2
i )

m m� ↵(s+ �)�1r✓`(✓)

�2 (s+ �)�1
<latexit sha1_base64="H1gy/n2MIl43YyYgxRmYxiy+W4M="></latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
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Adam to VOGN

45

“Adam” to “VOGN” in two lines of code change.

Available at https://github.com/team-approx-bayes/dl-with-bayes

Uses many practical tricks of DL to scale Bayes

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

https://github.com/team-approx-bayes/dl-with-bayes
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Image
Segmentation

Uncertainty
(entropy of
class probs)

(By Roman Bachmann)



VOGN on ImageNet

47

Figure 1: Comparing VOGN [22], a natural-gradient VI method, to Adam and SGD, training ResNet-
18 on ImageNet. The two left plots show that VOGN and Adam have similar convergence behaviour
and achieve similar performance in about the same number of epochs. VOGN achieves 67.38% on
validation compared to 66.39% by Adam and 67.79% by SGD. Run-time of VOGN is 76 seconds per
epoch compared to 44 seconds for Adam and SGD. The rightmost figure shows the calibration curve.
VOGN gives calibrated predictive probabilities (the diagonal represents perfect calibration).

We demonstrate practical training of deep networks by using recently proposed natural-gradient VI38

methods. These methods resemble the Adam optimiser, enabling us to leveraging existing techniques39

for initialisation, momentum, batch normalisation, data augmentation, and distributed training. As a40

result, we obtain similar performance in about the same number of epochs as Adam when training41

many popular deep networks (e.g., LeNet, AlexNet, ResNet) on datasets such as CIFAR-10 and42

ImageNet. See Fig. 1 for Imagenet. The results show that, despite using an approximate posterior, the43

training methods preserve the benefits of Bayesian principles. Compared to standard deep-learning44

methods, the predictive probabilities are well-calibrated and uncertainties on out-of-distribution45

inputs are improved. Our work shows that practical deep learning is possible with Bayesian methods46

and aims to support further research in this area.47

Related work. Previous VI methods, notably by Graves [15] and Blundell et al. [4], require signifi-48

cant implementation and tuning effort to perform well, e.g., on convolution neural networks (CNN).49

Slow convergence is found to be problematic for sequential problems [43]. There appears to be no50

reported results with complex networks on large problems, such as ImageNet. Our work solves these51

issues by borrowing deep-learning techniques and applying them to natural-gradient VI [22, 51].52

In their paper, Zhang et al. [51] also employed data augmentation and batch normalisation for a53

natural-gradient method called Noisy K-FAC (see Appendix A) and showed results on VGG on54

CIFAR-10. However, a mean-field method called noisy Adam was found to be unstable with batch55

normalisation. In contrast, we show that a similar method, called Variatonal Online Gauss-Newton56

(VOGN), proposed by Khan et al. [22], works well with such techniques. We show results for57

distributed training with noisy K-FAC on Imagenet, but do not provide extensive comparisons. Many58

of our techniques can be used to speed-up noisy K-FAC too, which is promising.59

Many other approaches have recently been proposed to compute posterior approximations by training60

deterministic networks [44, 36, 37]. Similarly to MC-dropout, the posterior approximation is not61

flexible and it is difficult to improve the accuracy of the posterior approximations. On the other hand,62

VI offers a much more flexible alternative to apply Bayesian principles to deep learning.63

2 Deep Learning with Bayesian Principles and Its Challenges64

The success of deep learning is partly due to the availability of scalable and practical methods for65

training deep neural networks (DNNs). Network training is formulated as an optimisation problem66

where a loss between the data and the DNN’s predictions is minimised. For example, in a supervised67

learning task with a dataset D of N inputs xi and corresponding outputs yi of length K, we minimise68

a loss of the following form: ¯̀(w) + �w
>
w, where ¯̀(w) := 1

N

P
i `(yi, fw(xi)), fw(x) 2 RK

69

denotes the DNN outputs with weights w, `(y, ŷ) denotes a differentiable loss function between an70

2

\

State-of-the-art performance and convergence rate, 
while preserving benefits of Bayesian principles

1. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).



Results - Imagenet

Accuracy degrades
under shift

But does our model
know it’s doing worse?

● Not really...

10Dataset Shift 

BDL methods do not really know that they 
are performing badly under dataset shit

48

1. Ovadia, Yaniv, et al. "Can You Trust Your Model's Uncertainty? Evaluating Predictive Uncertainty Under 
Dataset Shift." NeurIPS (2019).
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Resources for Uncertainty in DL

• Yarin Gal’s tutorial (http://bdl101.ml/)
• Benchmarks by OATML (http://bdlb.ml/)

49

http://bdl101.ml/
http://bdlb.ml/


Challenges in Uncertainty Estimation

• For non convex problem
– Different local 

minima correspond 
to various solutions

– Local approximations 
only capture “local 
uncertainty”

• Solutions
– More flexible 

approximations?

50



Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.

51



Importance of Data Examples

52

Which examples are most important for the 
classifier? Red circle vs Blue circle.



Model view vs Data view
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Model
view
Data
view

Bayes “automatically” defines data-Importance

(By Roman Bachmann)



DNN to GP
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Posterior Approx.
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<latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="WU379MaQInOjfur8A6jsboh9KFA=">AAAB/XicbVC9TsMwGPzCbykFAisDERVSWaqEBUYkFsYi0R+piSLHcVqrjh3ZDqKKMrLwKiwMIMRrsPE2OG0HaDnJ8unOn3zfRRmjSrvut7W2vrG5tV3bqe829vYP7MNGT4lcYtLFggk5iJAijHLS1VQzMsgkQWnESD+a3FR+/4FIRQW/19OMBCkacZpQjLSRQvvEjwSL1TQ1V+FnY1qGXstPkR5HSfFYnod20227MzirxFuQJizQCe0vPxY4TwnXmCGlhp6b6aBAUlPMSFn3c0UyhCdoRIaGcpQSFRSzRUrnzCixkwhpDtfOTP09UaBUVVnNyyqiWvYq8T9vmOvkKigoz3JNOJ5/lOTM0cKpWnFiKgnWbGoIwpKarA4eI4mwNt3VTQne8sqrpHfR9ty2d+dCDY7hFFrgwSVcwy10oAsYnuAF3uDderZerY95XWvWorcj+APr8we4/Ji1</latexit><latexit sha1_base64="WU379MaQInOjfur8A6jsboh9KFA=">AAAB/XicbVC9TsMwGPzCbykFAisDERVSWaqEBUYkFsYi0R+piSLHcVqrjh3ZDqKKMrLwKiwMIMRrsPE2OG0HaDnJ8unOn3zfRRmjSrvut7W2vrG5tV3bqe829vYP7MNGT4lcYtLFggk5iJAijHLS1VQzMsgkQWnESD+a3FR+/4FIRQW/19OMBCkacZpQjLSRQvvEjwSL1TQ1V+FnY1qGXstPkR5HSfFYnod20227MzirxFuQJizQCe0vPxY4TwnXmCGlhp6b6aBAUlPMSFn3c0UyhCdoRIaGcpQSFRSzRUrnzCixkwhpDtfOTP09UaBUVVnNyyqiWvYq8T9vmOvkKigoz3JNOJ5/lOTM0cKpWnFiKgnWbGoIwpKarA4eI4mwNt3VTQne8sqrpHfR9ty2d+dCDY7hFFrgwSVcwy10oAsYnuAF3uDderZerY95XWvWorcj+APr8we4/Ji1</latexit><latexit sha1_base64="DhzUQeKPrRkb6hDNeWkuZP3/YUU=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFXCAmMFC2OR6ENqoshxnNaqY0e2g6iijiz8CgsDCLHyCWz8DU6bAVquZPnonHt1zz1hyqjSjvNtVVZW19Y3qpu1re2d3T17/6CrRCYx6WDBhOyHSBFGOeloqhnpp5KgJGSkF46vC713T6Sigt/pSUr8BA05jSlG2lCBfeyFgkVqkpgv99IRnQZuw0uQHoVx/jA9C+y603RmBZeBW4I6KKsd2F9eJHCWEK4xQ0oNXCfVfo6kppiRac3LFEkRHqMhGRjIUUKUn88OmcJTw0QwFtI8ruGM/T2Ro0QVXk1nYVEtagX5nzbIdHzp55SnmSYczxfFGYNawCIVGFFJsGYTAxCW1HiFeIQkwtpkVzMhuIsnL4PuedN1mu6tU29dlXFUwRE4AQ3gggvQAjegDToAg0fwDF7Bm/VkvVjv1se8tWKVM4fgT1mfP1eVmiQ=</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit><latexit sha1_base64="mrNDLu0KRrunj1DNPwKQx++STzY=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoQEowVLIxFog+piSLHcVqrjh3ZDqKKOrLwKywMIMTKJ7DxNzhtBmi5kuWjc+7VPfeEKaNKO863tbS8srq2Xtmobm5t7+zae/sdJTKJSRsLJmQvRIowyklbU81IL5UEJSEj3XB0XejdeyIVFfxOj1PiJ2jAaUwx0oYK7CMvFCxS48R8uZcO6SRw616C9DCM84fJaWDXnIYzLbgI3BLUQFmtwP7yIoGzhHCNGVKq7zqp9nMkNcWMTKpepkiK8AgNSN9AjhKi/Hx6yASeGCaCsZDmcQ2n7O+JHCWq8Go6C4tqXivI/7R+puNLP6c8zTTheLYozhjUAhapwIhKgjUbG4CwpMYrxEMkEdYmu6oJwZ0/eRF0zhqu03Bvz2vNqzKOCjgEx6AOXHABmuAGtEAbYPAInsEreLOerBfr3fqYtS5Z5cwB+FPW5w9Y1Zoo</latexit>

�2(x)
<latexit sha1_base64="06UcrCgO743kkBimHm8f9BNZZxo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFVSIcFYwcJYJPqQmihyHKe16sSR7SCqKCMLv8LCAEKsfAIbf4PTZoCWK1k+Oude3XOPnzAqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSZ4KTLqYMy4GPpKE0Zh0FVWMDBJBUOQz0vcn14XevydCUh7fqWlC3AiNYhpSjJSmPPPY8TkL5DTSX+YkY5p7rYYTITX2w+whP/PMutW0ZgWXgV2COiir45lfTsBxGpFYYYakHNpWotwMCUUxI3nNSSVJEJ6gERlqGKOISDebHZLDU80EMORCv1jBGft7IkORLLzqzsKiXNQK8j9tmKrw0s1onKSKxHi+KEwZVBwWqcCACoIVm2qAsKDaK8RjJBBWOruaDsFePHkZ9FpN22rat+f19lUZRxUcgRPQADa4AG1wAzqgCzB4BM/gFbwZT8aL8W58zFsrRjlzCP6U8fkDWmWaKQ==</latexit><latexit sha1_base64="06UcrCgO743kkBimHm8f9BNZZxo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFVSIcFYwcJYJPqQmihyHKe16sSR7SCqKCMLv8LCAEKsfAIbf4PTZoCWK1k+Oude3XOPnzAqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSZ4KTLqYMy4GPpKE0Zh0FVWMDBJBUOQz0vcn14XevydCUh7fqWlC3AiNYhpSjJSmPPPY8TkL5DTSX+YkY5p7rYYTITX2w+whP/PMutW0ZgWXgV2COiir45lfTsBxGpFYYYakHNpWotwMCUUxI3nNSSVJEJ6gERlqGKOISDebHZLDU80EMORCv1jBGft7IkORLLzqzsKiXNQK8j9tmKrw0s1onKSKxHi+KEwZVBwWqcCACoIVm2qAsKDaK8RjJBBWOruaDsFePHkZ9FpN22rat+f19lUZRxUcgRPQADa4AG1wAzqgCzB4BM/gFbwZT8aL8W58zFsrRjlzCP6U8fkDWmWaKQ==</latexit><latexit sha1_base64="06UcrCgO743kkBimHm8f9BNZZxo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFVSIcFYwcJYJPqQmihyHKe16sSR7SCqKCMLv8LCAEKsfAIbf4PTZoCWK1k+Oude3XOPnzAqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSZ4KTLqYMy4GPpKE0Zh0FVWMDBJBUOQz0vcn14XevydCUh7fqWlC3AiNYhpSjJSmPPPY8TkL5DTSX+YkY5p7rYYTITX2w+whP/PMutW0ZgWXgV2COiir45lfTsBxGpFYYYakHNpWotwMCUUxI3nNSSVJEJ6gERlqGKOISDebHZLDU80EMORCv1jBGft7IkORLLzqzsKiXNQK8j9tmKrw0s1onKSKxHi+KEwZVBwWqcCACoIVm2qAsKDaK8RjJBBWOruaDsFePHkZ9FpN22rat+f19lUZRxUcgRPQADa4AG1wAzqgCzB4BM/gFbwZT8aL8W58zFsrRjlzCP6U8fkDWmWaKQ==</latexit><latexit sha1_base64="06UcrCgO743kkBimHm8f9BNZZxo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFVSIcFYwcJYJPqQmihyHKe16sSR7SCqKCMLv8LCAEKsfAIbf4PTZoCWK1k+Oude3XOPnzAqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSZ4KTLqYMy4GPpKE0Zh0FVWMDBJBUOQz0vcn14XevydCUh7fqWlC3AiNYhpSjJSmPPPY8TkL5DTSX+YkY5p7rYYTITX2w+whP/PMutW0ZgWXgV2COiir45lfTsBxGpFYYYakHNpWotwMCUUxI3nNSSVJEJ6gERlqGKOISDebHZLDU80EMORCv1jBGft7IkORLLzqzsKiXNQK8j9tmKrw0s1onKSKxHi+KEwZVBwWqcCACoIVm2qAsKDaK8RjJBBWOruaDsFePHkZ9FpN22rat+f19lUZRxUcgRPQADa4AG1wAzqgCzB4BM/gFbwZT8aL8W58zFsrRjlzCP6U8fkDWmWaKQ==</latexit>

DNN

x1
<latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit>

x2
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1. Khan et al., Approximate Inference Turns Deep Networks into Gaussian Processes, NeurUPS, 2019



“Global” to “Local”
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“Dual” variables

1. Khan et al. "Fast dual variational inference for non-conjugate latent gaussian models." ICML (2013).
2. Khan et al. "Approximate Inference Turns Deep Networks into Gaussian Processes." NeurIPS (2019).

Posterior approximations connect “global” 
parameters (e.g. DNN weights) to “local” 
parameters (e.g. data examples)

The local parameters can be seen as “dual” 
variables that define the “importance” of the data
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Least Important Most Important
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Similarity (Kernel) Matrix
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(a) MNIST: GP kernel matrix (left) and GP posterior mean (right).
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(b) CIFAR: GP posterior mean.

Figure 3: GP kernel and posterior mean corresponding to the Laplace approximation for LeNet5
trained on MNIST and CIFAR-10. The kernel matrix shows the correlations learned by the DNN
(classes are grouped and marked with different colors along the axes). For MNIST, a higher posterior
mean is assigned to the correct label most of the time (see rows in (b)), which reflects the good
accuracy obtained by the DNN (99%). For CIFAR, the accuracy is only 68%, as a result, the patter is
a bit unclear reflecting the uncertainty in the predictions.
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(a) Binary classification on digits 0 and 1
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(b) Binary classification on digits 4 and 9

Figure 4: GP kernel and posterior mean corresponding to VI on 2 out of 10 MNIST classes. We
clearly see that the in-class digits are assigned higher posterior mean and the correlation learned is
also significant. There are plenty of other correlations learned by the network due to which we get
many overconfident predictions for out-of-training classes, especially on the harder 4 vs. 9 task.

Figure 3a shows the GP kernel matrix and the posterior mean for the Laplace approximation on216

300 randomly sampled examples from MNIST. The rows and columns containing data examples217

are grouped according to the classes. The kernel matrix clearly shows the correlations learned by218

the DNN. As expected, each row in the posterior mean also reflects that the classes are correctly219

classified (DNN test accuracy is 99%). Figure 3b shows the GP posterior mean for CIFAR-10 where220

we see the same pattern but a bit unclear, which is due to a lower accuracy of around 68% on this221

task. Due to space constraints, the corresponding results for VI are shown in Appendix C.222

In Fig. 4, we study the kernel for classes outside of the training data set using VI. We train LeNet-5223

using VOGN on two binary-classification problems on MNIST. In both figures, the data examples are224

sorted according to the digits (0 is on top/left and 9 is at bottom/right).225

Within the MNIST data set, classes 4 and 9 is one of the hardest pair to distinguish while 0 and 1 is a226

simple task. Fig. 4 shows that the kernel obtained for the simpler task leads to much less correlations227

with unseen classes and the posterior mean does not produce confident predictions on other classes.228

However, training on the harder task yields a potentially more complex feature map that leads to229

overconfident out-of-class predictions and high correlations. These observations are in line with230

confusion metrics typically obtained on the MNIST data set.4231

4Exemplary MNIST confusion matrix: https://ml4a.github.io/demos/confusion_mnist/
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For DNN, with a 
specific Gaussian 
approximation, 
we obtain Neural 
Tangent Kernel

1. Khan et al. "Approximate Inference Turns Deep Networks into Gaussian Processes." NeurIPS (2019).



Model Selection
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Application: model selection

Following examples on sinusoidal toy data regression.
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Figure: NN prior precision � and width vs. train and test error, ELBO,
and marginal log likelihood.
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Tune hyper parameters with GP Marginal likelihood

Regularization parameter NN width



Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.
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Towards Life-Long Learning

Continual and active learning
(unpublished)

61



Continual Learning
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Update Deep  
Network Select a random  

subset of images

Observe 
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Dog vs. Cat Lion vs. Tiger 
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Deep  
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Standard 
Deep 
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Continual Learning: past classes never revisited

Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." Proceedings of the 
national academy of sciences 114.13 (2017): 3521-3526.



Continual Learning with Bayes
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Set the prior to the previous 
posterior and recompute:

Computing posterior is challenging, so we can use 
posterior approximations



(Some) Regularization-based 
Continual Learning Methods

• Elastic-weight consolidation (EWC) [1]
–Based on a diagonal Laplace approximation
– [2] considers structured Laplace

• Synaptic Intelligence (SI) [3]
• Variational Continual learning (VCL) [4]
–Based on variational inference

• With better approximations, we expect accuracy 
to improve, but unfortunately we don’t see this!

64

1. Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." PNAS (2017).
2. Ritter et al. "Online structured laplace … for overcoming catastrophic forgetting." NeurIPs. 2018.
3. Zenke et al. "Continual learning through synaptic intelligence." ICML, 2017.
4. Nguyen, Cuong V., et al. "Variational continual learning." arXiv preprint arXiv:1710.10628 (2017).



Principle is Broken: Better 
Approximation don’t give better results!
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VOGN improves the gap
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Functional Regularization of 
Memorable Past (FROMP)
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Task 1

Task 2
Task 3

Task 4

Task 5

Identify, memorize, and regularize the past using 
Laplace Approximation (similar to EWC)



FROMP improves over EWC!
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FROMP improves over EWC!
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Challenges in Continual Learning with 
Bayesian Approaches

• Computing exact posterior is not tractable
• Approximations do not always behave the way we 

want them to
– They can miss important information from the past and 

lead to forgetting
• Working with the data space could be one 

solution.
• There are plenty of non-Bayesian solutions and 

many promising
–  Links to Bayesian principles?
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Summary of Continual 
Learning

Better approximations should give 
better performance (or at least we 

should aim for that)
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Active Deep Learning
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Select “Important” examples while training with Adam 

(By Roman Bachmann)



Bayesian Principles: Theory, 
Derivation, and Related Works

Step A: Express Bayes rule as optimization
Step B: Introduce posterior approximation
Step C: Estimate approximations using the 

Bayesian learning rule
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References for Bayes as Optimization
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• Bayesian statistics
1.Jaynes, Edwin T. "Information theory and statistical mechanics." Physical review (1957)
2.Zellner, A. "Optimal information processing and Bayes's theorem." The American 

Statistician (1988)
3.Bissiri, Pier Giovanni, Chris C. Holmes, and Stephen G. Walker. "A general framework for 

updating belief distributions." RSS: Series B (Statistical Methodology) (2016)

• PAC-Bayes
4.Shawe-Taylor, John, and Robert C. Williamson. "A PAC analysis of a Bayesian 

estimator." COLT 1997.
5.Alquier, Pierre. "PAC-Bayesian bounds for randomized empirical risk 

minimizers." Mathematical Methods of Statistics 17.4 (2008): 279-304.

• Online-learning (Exponential Weight Aggregates)
6.Cesa-Bianchi, Nicolo, and Gabor Lugosi. Prediction, learning, and games. 2006.

• Free-energy principle
7.Friston, K. "The free-energy principle: a unified brain theory?." Nature neuroscience (2010)

= argmin
q2P

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="MCtvodOxk5t0WHQaACTTJD0/wzU="></latexit>



References for Posterior 
Approximations
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• Variational inference
1.Hinton, Geoffrey, and Drew Van Camp. "Keeping neural networks simple by minimizing the 

description length of the weights." COLT 1993. 
2.Jordan, Michael I., et al. "An introduction to variational methods for graphical 

models." Machine learning 37.2 (1999): 183-233.

• Entropy-regularized / Maximum-entropy RL
3.Williams, Ronald J., and Jing Peng. "Function optimization using connectionist 

reinforcement learning algorithms." Connection Science 3.3 (1991): 241-268.
4.Ziebart, Brian D. Modeling purposeful adaptive behavior with the principle of maximum 

causal entropy. Diss. figshare, 2010. (see chapter 5)

• Parameter-Space Exploration in RL
5.Rückstiess, Thomas, et al. "Exploring parameter space in reinforcement learning." Paladyn, 

Journal of Behavioral Robotics 1.1 (2010): 14-24.
6.Plappert, Matthias, et al. "Parameter space noise for exploration." arXiv preprint arXiv:

1706.01905 (2017)
7..Fortunato, Meire, et al. "Noisy networks for exploration." arXiv preprint arXiv:

1706.10295 (2017).

argmin
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="CK2Cp5cGmaCmXHM1LKpfrf+4y9Y="></latexit>



More References for Posterior 
Approximations
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• Evolution strategy
1.Wierstra, Daan, et al. "Natural evolution strategies." 2008 IEEE Congress on Evolutionary 

Computation (IEEE World Congress on Computational Intelligence). IEEE, 2008.

• Gaussian Homotopy
2.Mobahi, Hossein, and John W. Fisher III. "A theoretical analysis of optimization by 

Gaussian continuation." Twenty-Ninth AAAI Conference on Artificial Intelligence. 2015.

• Smoothing-based Optimization
3.Leordeanu, Marius, and Martial Hebert. "Smoothing-based optimization." 2008 IEEE 

Conference on Computer Vision and Pattern Recognition. IEEE, 2008.

• Graduated Optimization
4.Hazan, Elad, Kfir Yehuda Levy, and Shai Shalev-Shwartz. "On graduated optimization for 

stochastic non-convex problems." International conference on machine learning. 2016.

• Stochastic Search
5.Zhou, Enlu, and Jiaqiao Hu. "Gradient-based adaptive stochastic search for non-

differentiable optimization." IEEE Transactions on Automatic Control 59.7 (2014): 
1818-1832.

argmin
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="CK2Cp5cGmaCmXHM1LKpfrf+4y9Y="></latexit>



Bayesian Learning Rule and Related 
Works

77

Bayes learning rule:

1. Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

2. Raskutti, Garvesh, and Sayan Mukherjee. "The information geometry of mirror descent." IEEE 
Transactions on Information Theory 61.3 (2015): 1451-1457.

min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

Natural-Gradient VI: � �� ⇢Fq
�1
r� (Eq[`(✓)]�H(q))

<latexit sha1_base64="t2OFUgSsZnixORTD0EVLKM4vDyU="></latexit>

Fisher Information Matrix

Also equivalent to a mirror-descent algorithm.The 
Geometry of the mirror-descent is defined by the 
log partition function of the posterior approximation.



References for Step C:
Natural-Gradient VI
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1.Sato, Masa-aki. "Fast learning of on-line EM algorithm." Technical Report, ATR Human 
Information Processing Research Laboratories (1999).

2.Sato, Masa-Aki. "Online model selection based on the variational Bayes." Neural 
computation 13.7 (2001): 1649-1681.

3.Winn, John, and Christopher M. Bishop. "Variational message passing." Journal of Machine 
Learning Research 6.Apr (2005): 661-694.

4.Honkela, Antti, et al. "Approximate Riemannian conjugate gradient learning for fixed-form 
variational Bayes." Journal of Machine Learning Research 11.Nov (2010): 3235-3268.

5.Knowles, David A., and Tom Minka. "Non-conjugate variational message passing for 
multinomial and binary regression." NeurIPS. (2011).

6.Hoffman, Matthew D., et al. "Stochastic variational inference." JMLR (2013).
7.Salimans, Tim, and David A. Knowles. "Fixed-form variational posterior approximation 

through stochastic linear regression." Bayesian Analysis 8.4 (2013): 837-882.
8.Sheth, Rishit, and Roni Khardon. "Monte Carlo Structured SVI for Two-Level Non-

Conjugate Models." arXiv preprint arXiv:1612.03957 (2016).
9.Khan and Lin. "Conjugate-computation variational inference: Converting variational 
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10.Khan and Nielsen. "Fast yet simple natural-gradient descent for variational inference in 

complex models." (2018) ISITA.
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Black-Box VI & Bayesian Learning rule
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Black-Box VI [1]: � �� ⇢r� (Eq[`(✓)]�H(q))
<latexit sha1_base64="LXNZHUShUetsvzUg6wiGtpGqCN0="></latexit>

Black-box VI is more generally applicable (beyond 
exponential-family), but we cannot derive learning-
algorithms from it (even for conjugate Bayesian 
models)

1. Ranganath, Rajesh, Sean Gerrish, and David Blei. "Black box variational inference." Artificial Intelligence 
and Statistics. 2014.

Bayes learning rule: � �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>



Deep Learning with Bayesian 
Principles

• Bayesian principles as common principles
– By computing “posterior approximations”

• Derive many existing algorithms,
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty, data importance, life-long learning

• Impact: Many learning-algorithms with a 
common set of principles.
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Open Challenges

• Deep Learning + Bayes Learning
– Principles of “trial and error” and “bayes” 

together
• How to achieve Life-long deep learning?
• How to compute better posterior approx?
• How to compute higher-order gradients?
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Towards Life-long learning

• For life-long learning, we need
– Perception: how you want to see the world?
– Action: what you want to see in the world?

• Posterior approximation connects the two
– Models are representation of the world
– Approximations are representation of the model
– They help us learn the model through actions
– Act to appropriately “fill” the data space

821.Friston, K. "The free-energy principle: a unified brain theory?." Nature neuroscience (2010)



Learning-Algorithms from 
Bayesian Principles

Coming soon!
A preliminary version is at

https://emtiyaz.github.io/papers/
learning_from_bayes.pdf
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