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How to make AI that can 
adapt quickly?

Reasoning is crucial for this!
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Human Learning at 
the age of 6 months.
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Converged at the 
age of 12 months
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Transfer 
skills

at the age 
of 14 

months



Fail because too quick to adapt

6h"ps://www.abc.net.au/news/2016-03-25/microso;-created-ai-bot-becomes-racist/7276266



Fail because too slow to adapt

7h"ps://www.youtube.com/watch?v=TxobtWAFh8o The video is from 2017

https://www.youtube.com/watch?v=TxobtWAFh8o


Adaptation in Machine Learning

• Even a small change may need retraining
• Huge amount of resources are required only 

few can afford (costly & unsustainable) [1,2, 3]
• Difficult to apply in “dynamic” settings (robotics, 

medicine, epidemiology, climate science, etc.)
• Our goal is to solve such challenges
• Also to reduce “magic” in deep learning
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1. Diethe et al. Continual learning in practice, arXiv, 2019.
2. Paleyes et al. Challenges in deploying machine learning: a survey of case studies, arXiv, 2021.
3. https://www.youtube.com/watch?v=hx7BXih7zx8&t=897s

https://www.youtube.com/watch?v=hx7BXih7zx8&t=897s


Towards Quick Adaptation 

• Unify, generalize and improve algorithms
– Bayesian Learning rule (BLR)

• Memory (or representation)
– Sensitivity and dual view of the BLR

• Adaptation (or transfer)
– Continual learning and K-priors 
– Use sensitivity to adapt quickly
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Bayesian Learning Rule

Unify, generalize, and improve 
learning algorithms
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 The Origin of Algorithms
What are the common principles 

behind popular algorithms? 
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See Section 6 (discussion) in Khan and Rue, 2021

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
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Bayesian learning rule
Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)

6

See Table 1 in 
Khan and Rue, 2021

All sorts of 
algorithms can be 
derived by using two 
sets of 
approximations.

By relaxing the 
approximations, we 
get an improvement, 
for example, 
uncertainty aware 
deep learning 
optimizers

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
2. Khan and Lin. "Conjugate-computation variational inference….” AIstats (2017). 



BLR [1,2]

Uncertainty in Deep Learning
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).



Practical Deep Learning with Bayes
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RMSprop

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).

(Improved) Bayesian Learning Rule [3]
<latexit sha1_base64="mYgElnsE0E+ATeC3djWstNla728="></latexit>
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+✏ ⇠ N (0, 1/s)

How to estimate uncertainty with DL optimizers?
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�2 1/
p
s???

Perturb the gradients to get Hessian
Perturb according to the posterior

Costs are exactly the 
same, but uncertainty 
quality is much better!! Ensure s is always +ve



The Bayesian Learning Rule
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Posterior approximation (eg Gaussian)

vs
Entropy

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
2. Khan and Lin. "Conjugate-computation variational inference….” AIstats (2017). 

<latexit sha1_base64="/+t3q4v2VzqDXbxQIVNEyo2KDJY=">AAACBnicbVDJSgNBEO2Je9xGPYrQGATFEGZE1JMIXjxGMAtkQujp1CRNenqG7hohBE968Fe8eFDEgxe/wZt/Y2c5uD0oeLxXRVW9MJXCoOd9Ormp6ZnZufmF/OLS8sqqu7ZeNUmmOVR4IhNdD5kBKRRUUKCEeqqBxaGEWtg7H/q1a9BGJOoK+yk0Y9ZRIhKcoZVa7lYQC9UKsAvIaFAMijQAKXfHwl7LLXglbwT6l/gTUjg7enu9i/Yfyy33I2gnPItBIZfMmIbvpdgcMI2CS7jJB5mBlPEe60DDUsViMM3B6I0bumOVNo0SbUshHanfJwYsNqYfh7YzZtg1v72h+J/XyDA6aQ6ESjMExceLokxSTOgwE9oWGjjKviWMa2FvpbzLNONok8vbEPzfL/8l1YOSf1Q6vLRpnJIx5skm2Sa7xCfH5IxckDKpEE5uyQN5Is/OvfPovDiv49acM5nZID/gvH8BjDWblg==</latexit>
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Natural gradient descent (or equivalently mirror descent)
Natural and Expectation parameters of q
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Exploiting posterior’s information geometry to derive 
existing algorithms as special instances



Uncertainty of Deep Nets
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Code available at https://github.com/team-approx-bayes/dl-with-bayesFigure 1: Comparing VOGN [22], a natural-gradient VI method, to Adam and SGD, training ResNet-
18 on ImageNet. The two left plots show that VOGN and Adam have similar convergence behaviour
and achieve similar performance in about the same number of epochs. VOGN achieves 67.38% on
validation compared to 66.39% by Adam and 67.79% by SGD. Run-time of VOGN is 76 seconds per
epoch compared to 44 seconds for Adam and SGD. The rightmost figure shows the calibration curve.
VOGN gives calibrated predictive probabilities (the diagonal represents perfect calibration).

We demonstrate practical training of deep networks by using recently proposed natural-gradient VI38

methods. These methods resemble the Adam optimiser, enabling us to leveraging existing techniques39

for initialisation, momentum, batch normalisation, data augmentation, and distributed training. As a40

result, we obtain similar performance in about the same number of epochs as Adam when training41

many popular deep networks (e.g., LeNet, AlexNet, ResNet) on datasets such as CIFAR-10 and42

ImageNet. See Fig. 1 for Imagenet. The results show that, despite using an approximate posterior, the43

training methods preserve the benefits of Bayesian principles. Compared to standard deep-learning44

methods, the predictive probabilities are well-calibrated and uncertainties on out-of-distribution45

inputs are improved. Our work shows that practical deep learning is possible with Bayesian methods46

and aims to support further research in this area.47

Related work. Previous VI methods, notably by Graves [15] and Blundell et al. [4], require signifi-48

cant implementation and tuning effort to perform well, e.g., on convolution neural networks (CNN).49

Slow convergence is found to be problematic for sequential problems [43]. There appears to be no50

reported results with complex networks on large problems, such as ImageNet. Our work solves these51

issues by borrowing deep-learning techniques and applying them to natural-gradient VI [22, 51].52

In their paper, Zhang et al. [51] also employed data augmentation and batch normalisation for a53

natural-gradient method called Noisy K-FAC (see Appendix A) and showed results on VGG on54

CIFAR-10. However, a mean-field method called noisy Adam was found to be unstable with batch55

normalisation. In contrast, we show that a similar method, called Variatonal Online Gauss-Newton56

(VOGN), proposed by Khan et al. [22], works well with such techniques. We show results for57

distributed training with noisy K-FAC on Imagenet, but do not provide extensive comparisons. Many58

of our techniques can be used to speed-up noisy K-FAC too, which is promising.59

Many other approaches have recently been proposed to compute posterior approximations by training60

deterministic networks [44, 36, 37]. Similarly to MC-dropout, the posterior approximation is not61

flexible and it is difficult to improve the accuracy of the posterior approximations. On the other hand,62

VI offers a much more flexible alternative to apply Bayesian principles to deep learning.63

2 Deep Learning with Bayesian Principles and Its Challenges64

The success of deep learning is partly due to the availability of scalable and practical methods for65

training deep neural networks (DNNs). Network training is formulated as an optimisation problem66

where a loss between the data and the DNN’s predictions is minimised. For example, in a supervised67

learning task with a dataset D of N inputs xi and corresponding outputs yi of length K, we minimise68

a loss of the following form: ¯̀(w) + �w
>
w, where ¯̀(w) := 1

N

P
i `(yi, fw(xi)), fw(x) 2 RK

69

denotes the DNN outputs with weights w, `(y, ŷ) denotes a differentiable loss function between an70

2

VOGN: A modification of Adam with similar 
performance on ImageNet, but better uncertainty

https://github.com/team-approx-bayes/dl-with-bayes


BLR variant [3] got 1st prize in NeurIPS 
2021 Approximate Inference Challenge
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Watch Thomas Moellenhoff’s talk at 
https://www.youtube.com/watch?v=LQInlN5EU7E.

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).
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Image
Segmentation

Uncertainty
(entropy of
class probs)

(By Roman Bachmann)



Sharpness-Aware Minimization (SAM) 
as an Optimal relaxation of Bayes

19

ρ

θ

Bayes:

𝔼ϵ∼𝒩(0,σ2)[ℓ(θ + ϵ)]

sup
|ϵ|<ρ

ℓ(θ + ϵ)SAM:

Our work: 
Fenchel  

Biconjugate

1. Moellenhoff and Khan, SAM as optimal relaxation of Bayes, ICLR 2023 (top 5%)



SAM as a relaxation of Bayes
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SAM (red star) upper bounds the Bayesian 𝔼q[ℓ]



Bayesian-SAM

21

SAM with RMSprop

An Adam-style algorithm, derived using the BLR, where 
variances are automatically learned.

1. Foret et al. Sharpness-Aware Minimization for Efficiently Improving Generalization, ICLR, 2021 
2. Moellenhoff and Khan, SAM as an optimal relaxation of Bayes, https://arxiv.org/abs/2210.01620, 2022 

SAM with BLR
<latexit sha1_base64="9i9dFnr740qn/jXG2lZVQg/CfN8="></latexit>
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Uncertainty Improves Performance
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SAM as an Optimal Relaxation of Bayes

Model /
Data Method Accuracy "

(higher is better)
NLL #

(lower is better)
ECE #

(lower is better)
AUROC "

(higher is better)

MLP
MNIST

SGD 98.63(0.06) 0.044(0.0012) 0.0028(0.0007) 0.979(0.002)
SAM-SGD 98.82(0.03) 0.039(0.0005) 0.0031(0.0002) 0.978(0.003)
SWAG 98.65(0.04) 0.044(0.0002) 0.0028(0.0005) 0.976(0.003)
VOGN 98.54(0.03) 0.046(0.0008) 0.0033(0.0007) 0.980(0.002)

Adam 98.41(0.06) 0.050(0.0012) 0.0036(0.0007) 0.979(0.002)
SAM-Adam 98.58(0.03) 0.046(0.0009) 0.0044(0.0005) 0.980(0.002)

bSAM (ours) 98.78(0.06) 0.038(0.0011) 0.0024(0.0004) 0.982(0.001)

LeNet-5
FMNIST

SGD 91.37(0.27) 0.32(0.007) 0.0429(0.0015) 0.897(0.004)
SAM-SGD 91.95(0.17) 0.22(0.004) 0.0062(0.0007) 0.917(0.002)

SWAG 91.38(0.27) 0.31(0.005) 0.0397(0.0026) 0.901(0.005)
VOGN 91.24(0.25) 0.24(0.004) 0.0071(0.0012) 0.916(0.002)

Adam 91.14(0.25) 0.33(0.005) 0.0450(0.0008) 0.897(0.005)
SAM-Adam 91.66(0.19) 0.25(0.004) 0.0225(0.0026) 0.913(0.002)
bSAM (ours) 92.10(0.26) 0.22(0.005) 0.0066(0.0022) 0.920(0.002)

ResNet-20-FRN
CIFAR-10

SGD 86.55(0.35) 0.56(0.014) 0.0839(0.003) 0.878(0.005)
SAM-SGD 87.49(0.26) 0.49(0.019) 0.0710(0.003) 0.891(0.004)
SWAG 86.80(0.10) 0.53(0.017) 0.0774(0.001) 0.880(0.006)
VOGN 87.30(0.24) 0.38(0.004) 0.0315(0.003) 0.890(0.003)
Adam 80.85(0.98) 0.83(0.063) 0.1317(0.011) 0.820(0.013)
SAM-Adam 85.26(0.15) 0.46(0.007) 0.0228(0.002) 0.874(0.004)
bSAM (ours) 88.72(0.24) 0.34(0.005) 0.0163(0.002) 0.903(0.003)

ResNet-20-FRN
CIFAR-100

SGD 55.82(0.97) 1.91(0.025) 0.1695(0.005) 0.811(0.004)
SAM-SGD 58.58(0.59) 1.60(0.022) 0.0989(0.005) 0.827(0.003)
SWAG 56.53(0.40) 1.86(0.018) 0.1604(0.004) 0.814(0.004)
VOGN 59.83(0.75) 1.44(0.019) 0.0756(0.005) 0.830(0.002)
Adam 39.73(0.97) 2.29(0.045) 0.0295(0.018) 0.775(0.004)
SAM-Adam 53.25(0.80) 1.71(0.035) 0.0401(0.005) 0.818(0.005)
bSAM (ours) 62.64(0.33) 1.32(0.001) 0.0311(0.003) 0.841(0.004)

Table 1: Comparison without data augmentation. The results are averaged over 5 random seeds, with
standard deviation shown in the brackets. The best performance is shown in bold using statistical
significance. bSAM (gray row) gives either comparable or better performance than the rest.

Model /
Dataset Method Accuracy "

(higher is better)
NLL #

(lower is better)
ECE #

(lower is better)
AUROC "

(higher is better)

ResNet-20-FRN /
CIFAR-10

SGD 91.68(0.26) 0.29(0.008) 0.0397(0.002) 0.915(0.002)
SAM-SGD 92.29(0.39) 0.25(0.004) 0.0266(0.003) 0.920(0.003)
Adam 89.97(0.27) 0.41(0.021) 0.0610(0.003) 0.900(0.003)
SAM-Adam 91.57(0.21) 0.26(0.004) 0.0329(0.002) 0.918(0.001)
bSAM (ours) 92.16(0.16) 0.23(0.003) 0.0057(0.002) 0.925(0.001)

ResNet-20-FRN /
CIFAR-100

SGD 66.48(0.10) 1.20(0.007) 0.0524(0.004) 0.846(0.002)
SAM-SGD 67.27(0.22) 1.19(0.011) 0.0481(0.001) 0.848(0.002)
Adam 61.76(0.67) 1.66(0.049) 0.1582(0.006) 0.826(0.003)
SAM-Adam 65.34(0.32) 1.23(0.012) 0.0166(0.003) 0.847(0.002)
bSAM (ours) 68.22(0.44) 1.10(0.013) 0.0258(0.003) 0.857(0.004)

ResNet-20-FRN /
TinyImageNet

SGD 52.01(0.36) 1.98(0.007) 0.0330(0.002) 0.832(0.002)

SAM-SGD 52.25(0.26) 1.97(0.013) 0.0155(0.002) 0.827(0.005)
Adam 49.04(0.38) 2.14(0.024) 0.0502(0.004) 0.820(0.004)
SAM-Adam 51.17(0.45) 2.02(0.014) 0.0460(0.004) 0.828(0.004)
bSAM (ours) 52.90(0.35) 1.94(0.009) 0.0199(0.003) 0.831(0.001)

Table 2: Comparison with data augmentation. Similar to Table 1, the shaded row show that bSAM
consistently improves over the baselines and is the overall best method.
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SAM as an Optimal Relaxation of Bayes

Model /
Data Method Accuracy "

(higher is better)
NLL #

(lower is better)
ECE #

(lower is better)
AUROC "

(higher is better)

MLP
MNIST

SGD 98.63(0.06) 0.044(0.0012) 0.0028(0.0007) 0.979(0.002)
SAM-SGD 98.82(0.03) 0.039(0.0005) 0.0031(0.0002) 0.978(0.003)
SWAG 98.65(0.04) 0.044(0.0002) 0.0028(0.0005) 0.976(0.003)
VOGN 98.54(0.03) 0.046(0.0008) 0.0033(0.0007) 0.980(0.002)

Adam 98.41(0.06) 0.050(0.0012) 0.0036(0.0007) 0.979(0.002)
SAM-Adam 98.58(0.03) 0.046(0.0009) 0.0044(0.0005) 0.980(0.002)

bSAM (ours) 98.78(0.06) 0.038(0.0011) 0.0024(0.0004) 0.982(0.001)

LeNet-5
FMNIST

SGD 91.37(0.27) 0.32(0.007) 0.0429(0.0015) 0.897(0.004)
SAM-SGD 91.95(0.17) 0.22(0.004) 0.0062(0.0007) 0.917(0.002)

SWAG 91.38(0.27) 0.31(0.005) 0.0397(0.0026) 0.901(0.005)
VOGN 91.24(0.25) 0.24(0.004) 0.0071(0.0012) 0.916(0.002)

Adam 91.14(0.25) 0.33(0.005) 0.0450(0.0008) 0.897(0.005)
SAM-Adam 91.66(0.19) 0.25(0.004) 0.0225(0.0026) 0.913(0.002)
bSAM (ours) 92.10(0.26) 0.22(0.005) 0.0066(0.0022) 0.920(0.002)

ResNet-20-FRN
CIFAR-10

SGD 86.55(0.35) 0.56(0.014) 0.0839(0.003) 0.878(0.005)
SAM-SGD 87.49(0.26) 0.49(0.019) 0.0710(0.003) 0.891(0.004)
SWAG 86.80(0.10) 0.53(0.017) 0.0774(0.001) 0.880(0.006)
VOGN 87.30(0.24) 0.38(0.004) 0.0315(0.003) 0.890(0.003)
Adam 80.85(0.98) 0.83(0.063) 0.1317(0.011) 0.820(0.013)
SAM-Adam 85.26(0.15) 0.46(0.007) 0.0228(0.002) 0.874(0.004)
bSAM (ours) 88.72(0.24) 0.34(0.005) 0.0163(0.002) 0.903(0.003)

ResNet-20-FRN
CIFAR-100

SGD 55.82(0.97) 1.91(0.025) 0.1695(0.005) 0.811(0.004)
SAM-SGD 58.58(0.59) 1.60(0.022) 0.0989(0.005) 0.827(0.003)
SWAG 56.53(0.40) 1.86(0.018) 0.1604(0.004) 0.814(0.004)
VOGN 59.83(0.75) 1.44(0.019) 0.0756(0.005) 0.830(0.002)
Adam 39.73(0.97) 2.29(0.045) 0.0295(0.018) 0.775(0.004)
SAM-Adam 53.25(0.80) 1.71(0.035) 0.0401(0.005) 0.818(0.005)
bSAM (ours) 62.64(0.33) 1.32(0.001) 0.0311(0.003) 0.841(0.004)

Table 1: Comparison without data augmentation. The results are averaged over 5 random seeds, with
standard deviation shown in the brackets. The best performance is shown in bold using statistical
significance. bSAM (gray row) gives either comparable or better performance than the rest.

Model /
Dataset Method Accuracy "

(higher is better)
NLL #

(lower is better)
ECE #

(lower is better)
AUROC "

(higher is better)

ResNet-20-FRN /
CIFAR-10

SGD 91.68(0.26) 0.29(0.008) 0.0397(0.002) 0.915(0.002)
SAM-SGD 92.29(0.39) 0.25(0.004) 0.0266(0.003) 0.920(0.003)
Adam 89.97(0.27) 0.41(0.021) 0.0610(0.003) 0.900(0.003)
SAM-Adam 91.57(0.21) 0.26(0.004) 0.0329(0.002) 0.918(0.001)
bSAM (ours) 92.16(0.16) 0.23(0.003) 0.0057(0.002) 0.925(0.001)

ResNet-20-FRN /
CIFAR-100

SGD 66.48(0.10) 1.20(0.007) 0.0524(0.004) 0.846(0.002)
SAM-SGD 67.27(0.22) 1.19(0.011) 0.0481(0.001) 0.848(0.002)
Adam 61.76(0.67) 1.66(0.049) 0.1582(0.006) 0.826(0.003)
SAM-Adam 65.34(0.32) 1.23(0.012) 0.0166(0.003) 0.847(0.002)
bSAM (ours) 68.22(0.44) 1.10(0.013) 0.0258(0.003) 0.857(0.004)

ResNet-20-FRN /
TinyImageNet

SGD 52.01(0.36) 1.98(0.007) 0.0330(0.002) 0.832(0.002)

SAM-SGD 52.25(0.26) 1.97(0.013) 0.0155(0.002) 0.827(0.005)
Adam 49.04(0.38) 2.14(0.024) 0.0502(0.004) 0.820(0.004)
SAM-Adam 51.17(0.45) 2.02(0.014) 0.0460(0.004) 0.828(0.004)
bSAM (ours) 52.90(0.35) 1.94(0.009) 0.0199(0.003) 0.831(0.001)

Table 2: Comparison with data augmentation. Similar to Table 1, the shaded row show that bSAM
consistently improves over the baselines and is the overall best method.
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+8%
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CIFAR-100 with ResNet-20 (270K params).
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What is relevant from the past?
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How to represent and adapt the knowledge? 
Perturbation, Sensitivity, and Duality

https://tenor.com/view/clockwork-gears-brain-gif-16784329

Bayes-Duality
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(a) FROMP for continual deep learning (b) Most (left) vs least (right) memorable

Figure 1: (a) Our FROMP method consists of three main steps where we convert a DNN to GP using
Khan et al. [16], find memorable examples, and train weights with functional regularisation of those
examples. (b) Memorable past on MNIST – they are difficult to classify and close to the boundary.

To address this issue, we propose a new functional-regularisation method called Functional Regu-
larisation of Memorable Past (FROMP). Our key idea is to regularise the network outputs at a few
memorable past examples that are crucial to avoid forgetting. We use a GP formulation of DNNs to
obtain a weight-training method that exploits correlations among memorable examples in the function
space (see Fig. 1a). FROMP involves a slight modification of Adam and a minor increase in computa-
tion cost. It achieves state-of-the-art performance on standard benchmarks, and is consistently better
than both the existing weight-regularisation and functional-regularisation methods. Our work in this
paper focuses on avoiding forgetting, but it also opens a new direction for life-long learning methods
where regularisation methods are naturally combined with memory-based methods.1

1.1 Related Works

Broadly, existing work on continual learning can be split into three types of approaches: inference-
based, memory/rehearsal-based, and model-based. There have also been hybrid approaches attempting
to combine them. Inference-based approaches have mostly focused on weight regularisation [2, 9,
12, 18, 22, 37], with some recent efforts on functional regularisation [5, 19, 34]. Our work falls
in the latter category, but also imposes functional constraints at datapoints, thereby connecting to
memory-based approaches.

Our goal is to consistently outperform weight-regularisation which can be inadequate and brittle
for continual deep learning (see Fig. 6 and App. G for an example). The proposed method further
addresses many issues with existing functional-regularisation methods [5, 34]. Arguably the work
most closely related to ours is the GP-based method of Titsias et al. [34], but there are several key
differences. First, our kernel uses all the network weights (they use just the last layer) which is
important, especially in the early stages of learning when all the weights are changing. Second, our
functional prior regularises the mean to be close to the past mean, which is lacking in the regulariser
of Titsias et al. [34] (see the discussion after Eq. 7). Third, our memorable past examples play a
similar role as the inducing inputs, but are much cheaper to obtain (Titsias et al. [34] requires solving
a discrete optimisation problem), and have an intuitive interpretation (see Fig. 1b). Due to these
differences, our method outperforms the method of Titsias et al. [34], which, unlike ours, performs
worse than the weight-regularisation method of Swaroop et al. [33]. We also obtain state-of-the-art
performance on a larger Split CIFAR benchmark, a comparison missing in Titsias et al. [34]. Our
method is also different to Benjamin et al. [5], which lacks a mechanism to automatically weight past
memory and estimate uncertainty.

Our method is based on a set of memorable past examples. Many such memory-based approaches
exist. These either maintain a memory of past data examples [9, 22, 25] or train generative models
on previous tasks to rehearse pseudo-inputs [30]. Recent work [3, 11] has focused on improving
memory-building methods while combining them with inference-based approaches, building on

1Code for all experiments is available at https://github.com/team-approx-bayes/fromp.
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1. Tailor, Chang, Swaroop, Nalisnick, Solin, Khan, Memory maps to understand models (under review)
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Local parameters are Lagrange Multipliers, measuring the 
sensitivity of BLR solutions to local perturbation [1]. They 
can be used to tell apart relevant vs irrelevant data. 

The main contribution is that we can do this “during 
training” for a wide-variety of ML algorithms and models.

See Section 5.4 in Khan and Rue, 2021 for local parameterization
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1. Cook. Detection of Influential Observations in Linear Regression. Technometrics. ASA 1977
2. Nickl, Xu, Tailor, Moellenhoff, Khan, The memory-perturbation equation (under review)

How sensitive is a model to its training data?

Model-deviation ( ) = predictability * UncertaintyΔ
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Understand the memory of a model.



Predict Generalization during Training
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Training without 
the i’th exampleStart

Iterations

Training on  
full dataset

Estimated

Truth

Current
(a) Effect of removing an example.

(b) Predicting test loss during training, CIFAR10 (c) Predicting test loss for leave-one-class-out, FMNIST

Figure 1: Panel (a) illustrates the effect of removing an example during training and the estimation
of the deviation using the current model. Panel (b) shows a faithful estimation of the test NLL
during training of a ResNet–20 on CIFAR10 using the train-LOO estimate by MPE. Panel (c) shows
a faithful estimate of leave-one-class-out test performance for two models fitted on FMNIST. Each
marker corresponds to a model trained by leaving one class shown with the text. The estimated NLL
by using the MPE on the training data correlates well with the test NLL. Some classes are more
sensitive than others, but the importance of the class is consistent among the two models.

the model’s memory; the model is highly sensitive to them and perturbing them can make the model
forget its essential knowledge. The MPE relates the model’s sensitivity to perturbation in such sen-
sitive examples.

We show several applications of the MPE to understand sensitivity of ML models:

1. The MPE, when specialized to Gaussian posteriors, recovers the influence function used in
linear models [4] and deep learning [20]. Moreover, the MPE also applies more widely to
many algorithms in deep learning, optimization, and Bayesian methods.

2. The MPE for Gaussian posteriors has a useful property: examples with high prediction
error and predictions variances are the most influential and the sensitivity is obtained by
simply multiplying the two quantities.

3. The MPE also has a property regarding computations: sensitivity can estimated cheaply
whenever natural-gradients are cheap to compute. This way, already computed quantities
(e.g., error and variance) can be used and no extra computation is needed.

4. We show that the MPE can be used to accurately estimate generalization performance on
image-classification benchmarks. We use leave-one-out measures on training set to accu-
rately predict the test set performance Figs. 1(b) and 1(c). This agrees with other studies
which show effectiveness of sensitivity based approaches for such tasks [12, 6, 10].

2 Understanding Model’s Sensitivity to Data

Understanding model’s sensitivity to the training data is important but is often done by using a
brute-force way of retraining several models. For example, consider parameter ✓ fitted to data
D = {D1, . . . ,DN} by using a loss `i(✓) for the i’th example and a regularizer R(✓),

✓⇤(D) = argmin
✓

L(✓), where L(✓) =
NX

i=1

`i(✓) +R(✓). (1)

If the data is perturbed, for example, the i’th example is removed giving us the perturbed dataset
D/i = {D1, . . . ,Di�1,Di+1, . . . ,DN}, then we can simply retrain the model to get new ✓⇤(D/i).

2

CIFAR10 on ResNet-20 using iVON [1]. Adam also works 
but better uncertainty gives better estimates.

1. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).
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Summary

• Through posterior approximations, the criteria to 
categorize examples naturally emerges
– Generalizes existing concepts such as support 

vectors, influence functions, inducing inputs etc
• Applies to almost all ML problem 
– Supervised, unsupervised, RL
– Discrete/continuous losses and parameters

• No extra computation needed
• A measure of generalization (model complexity)
• The sensitivity of posterior leads to “Bayes Duality”

301. Nickl, Xu, Tailor, Moellenhoff, Khan, The memory-perturbation equation (under review)
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Continual Learning: past classes never revisited

Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." Proceedings of the 
national academy of sciences 114.13 (2017): 3521-3526.

Standard training leads to catastrophic forgetting.
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Task 1

Task 2
Task 3

1. Khan et al. Approximate Inference Turns Deep Networks into Gaussian Process, NeurIPS, 2019 
2. Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS, 2020

Class 0

Class 1

Avoid forgetting by using “memorable examples” [1,2]



Functional Regularization of 
Memorable Past (FROMP) [4]
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1. Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." PNAS 2017
2. Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS, 2020
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(a) FROMP for continual deep learning (b) Most (left) vs least (right) memorable

Figure 1: (a) Our FROMP method consists of three main steps where we convert a DNN to GP using
Khan et al. [16], find memorable examples, and train weights with functional regularisation of those
examples. (b) Memorable past on MNIST – they are difficult to classify and close to the boundary.

To address this issue, we propose a new functional-regularisation method called Functional Regu-
larisation of Memorable Past (FROMP). Our key idea is to regularise the network outputs at a few
memorable past examples that are crucial to avoid forgetting. We use a GP formulation of DNNs to
obtain a weight-training method that exploits correlations among memorable examples in the function
space (see Fig. 1a). FROMP involves a slight modification of Adam and a minor increase in computa-
tion cost. It achieves state-of-the-art performance on standard benchmarks, and is consistently better
than both the existing weight-regularisation and functional-regularisation methods. Our work in this
paper focuses on avoiding forgetting, but it also opens a new direction for life-long learning methods
where regularisation methods are naturally combined with memory-based methods.1

1.1 Related Works

Broadly, existing work on continual learning can be split into three types of approaches: inference-
based, memory/rehearsal-based, and model-based. There have also been hybrid approaches attempting
to combine them. Inference-based approaches have mostly focused on weight regularisation [2, 9,
12, 18, 22, 37], with some recent efforts on functional regularisation [5, 19, 34]. Our work falls
in the latter category, but also imposes functional constraints at datapoints, thereby connecting to
memory-based approaches.

Our goal is to consistently outperform weight-regularisation which can be inadequate and brittle
for continual deep learning (see Fig. 6 and App. G for an example). The proposed method further
addresses many issues with existing functional-regularisation methods [5, 34]. Arguably the work
most closely related to ours is the GP-based method of Titsias et al. [34], but there are several key
differences. First, our kernel uses all the network weights (they use just the last layer) which is
important, especially in the early stages of learning when all the weights are changing. Second, our
functional prior regularises the mean to be close to the past mean, which is lacking in the regulariser
of Titsias et al. [34] (see the discussion after Eq. 7). Third, our memorable past examples play a
similar role as the inducing inputs, but are much cheaper to obtain (Titsias et al. [34] requires solving
a discrete optimisation problem), and have an intuitive interpretation (see Fig. 1b). Due to these
differences, our method outperforms the method of Titsias et al. [34], which, unlike ours, performs
worse than the weight-regularisation method of Swaroop et al. [33]. We also obtain state-of-the-art
performance on a larger Split CIFAR benchmark, a comparison missing in Titsias et al. [34]. Our
method is also different to Benjamin et al. [5], which lacks a mechanism to automatically weight past
memory and estimate uncertainty.

Our method is based on a set of memorable past examples. Many such memory-based approaches
exist. These either maintain a memory of past data examples [9, 22, 25] or train generative models
on previous tasks to rehearse pseudo-inputs [30]. Recent work [3, 11] has focused on improving
memory-building methods while combining them with inference-based approaches, building on

1Code for all experiments is available at https://github.com/team-approx-bayes/fromp.
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1. Tailor, Chang, Swaroop, Nalisnick, Solin, Khan, Memory maps to understand models (under review)
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Combine weight and function-space divergences

No labels required, 
so  can include 
any inputs!
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Minimize the error in the gradients

Past and future should agree. There are some 
general rules to ensure this, but no magic. In 
general, we must understand sensitivity of the past 
and future using natural gradients.

1. Pan et al. Continual deep learning by functional regularisation of memorable past. NeurIPS, 2020. 
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Towards Quick Adaptation 

• Unify, generalize and improve algorithms
– Bayesian Learning rule (BLR)

• Memory (or representation)
– Sensitivity and dual view of the BLR

• Adaptation (or transfer)
– Continual learning and K-priors 
– Use sensitivity to adapt quickly
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The webpage is available at https://bayesduality.github.io/, and Twitter account @BayesDuality 

Received total funding of around USD 3 million through JST’s 
CREST-ANR and Kakenhi Grants. 
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Approximate Bayesian Inference Team
https://team-approx-bayes.github.io/

Many thanks to our group 
members and collaborators 
(many not on this slide).

We have open positions 
and are always looking for 
new collaborations.

https://team-approx-bayes.github.io/

