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AI that learn like humans

Quickly adapt to learn new skills, throughout 
their lives
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Human Learning at 
the age of 6 months.

3



4

Converged at the 
age of 12 months
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Transfer 
skills

at the age 
of 14 

months



 The Origin of Algorithms
What are the common principles 

behind popular algorithms? 
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See Section 6 (discussion) in Khan and Rue, 2021

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021



Principles of “good” algorithms?

• Information Geometry of Bayes
– To unify/generalize/improve learning-

algorithms
– Optimize for “posterior approximations”

• Bayesian Learning rule (BLR)
– Derive many algorithms from optimization, 

deep learning, and Bayesian inference
• Natural Gradients are Everywhere!

7Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021



Bayesian Learning Rule

New information as natural 
gradients
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Bayesian learning rule

Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)
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See Table 1 in Khan and Rue, 2021
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Principle of Trial-and-Error
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Frequentist: Empirical Risk Minimization (ERM) or 
Maximum Likelihood Principle, etc.

Deep 
Network

✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

Deep Learning Algorithms:

We will derive them as special instances of a rule 
exploiting information geometry of Bayes.

=
NX

i=1

[yi � f✓(xi)]
2 + �✓T ✓

<latexit sha1_base64="35dHaU37lSqKfw2FE7jmhuPgfPA="></latexit>



Geometry of Exponential Family
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Expectation 
parameters 

Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

Gaussian distribution q(✓) := N (✓|m,S�1)
<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

Expectation parameters 
Natural parameters � := {Sm,�S/2}

<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

µ := Eq[T (✓)]
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N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

/ exp


(Sm)>✓ +Tr

✓
�S

2
✓✓>

◆�

<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>

We will exploit the geometry of “minimal” exp-family

1. Wainwright and Jordan, Graphical Models, Exp Fams, and Variational Inference Graphical models 2008
2. Malago et al., Towards the Geometry of Estimation of Distribution Algos based on Exp-Fam, FOGA, 2011



The Bayesian Learning Rule
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Posterior approximation (expo-family)

vs
Entropy

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
2. Khan and Lin. "Conjugate-computation variational inference….” AIstats (2017). 
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min
✓

`(✓)
<latexit sha1_base64="jX7nnuoTA97Rm3paM6fhC3APrMU="></latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)

<latexit sha1_base64="/VKLiQx5TGGhUu5e5pIHSoDeOrk="></latexit>

� (1� ⇢)�� ⇢rµEq[`(✓)]

Bayesian Learning Rule [1,2] (natural-gradient descent)

Natural and Expectation parameters of q
<latexit sha1_base64="3p+Algv/G/xbGOjIYDbmLOcc3zc="></latexit>

� �� ⇢rµ

n
Eq[`(✓)]�H(q)

o

Old belief New information = natural gradients
Exploiting posterior’s information geometry to derive existing algorithms 
as special instances by approximating q and natural gradients.



Warning!

• This natural gradient might be different from the 
one what we (often) encounter in machine 
learning for Maximum-Likelihood
– In MLE, the loss is the negative log 

probability distribution

– Here, loss and distribution are two different 
entities, even possible unrelated

13

min
θ

− log q(θ) ⇒ F(θ)−1 ∇log q(θ)

min
q

𝔼q[ℓ(θ)] − ℋ(q) ⇒ F(λ)−1 ∇λ𝔼q[ℓ(θ)]



Gradient Descent from 
Bayesian Learning Rule

(Euclidean) gradients as natural 
gradients
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Bayesian learning rule:
Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)
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Gradient Descent from BLR
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Derived by choosing Gaussian with fixed covariance
� �� ⇢rµ (Eq[`(✓)]�H(q))

<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

m m� ⇢rmEq[`(✓)]
<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

m m� ⇢rm`(m)
<latexit sha1_base64="98CcIRFFgD6zRorNq9GoJPRyZI4=">AAACEHicbVA9SwNBEN3z2/gVtRRkUUQtDHeKaCWCjWUEE4VcCHObObO4H8funhJCfoKNnf4NGwtFbC3t/DduEgu/Hgw83pthZl6SCW5dGH4EQ8Mjo2PjE5OFqemZ2bni/ELV6twwrDAttDlPwKLgCiuOO4HnmUGQicCz5PKo559dobFcq1PXzrAu4ULxlDNwXmoU1yWNBaYOjNHXVNItGpuWpjRWkAhoeBeF2JCbjeJqWAr7oH9J9EVWD5fvergvN4rvcVOzXKJyTIC1tSjMXL0DxnEmsFuIc4sZsEu4wJqnCiTaeqf/UJeueaVJU218KUf76veJDkhr2zLxnRJcy/72euJ/Xi136X69w1WWO1RssCjNBXWa9tKhTW6QOdH2BJjh/lbKWmCAOZ9hwYcQ/X75L6lul6Kd0u6JT+OADDBBlsgK2SAR2SOH5JiUSYUwckMeyBN5Dm6Dx+AleB20DgVfM4vkB4K3T4sKn2A=</latexit>

GD:

Eq[`(✓)] ⇡ `(m)
<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

“Global” to “local” 
(the delta method)

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
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BLR:

See Section 1.3.1 in Khan and Rue, 2021
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Bayesian learning rule:

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).

Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)

6

Put the expectation 
(Bayes) back in and 
use the Bayesian 
averaging.
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Gaussian approximation

vs
Entropy
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min
✓

`(✓)
<latexit sha1_base64="jX7nnuoTA97Rm3paM6fhC3APrMU="></latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)

𝔼𝒩(θ|m,σ2)[ℓ(θ)]
• First term “smooths” the loss 

to favor “flatter” regions [1]
• Second term figures out how 

much to smooth (find )
• Similar mechanisms are 

used in DL [2], RL, search, 
robust optimization.

σ

1. Foret et al. Sharpness-Aware Minimization for Efficiently Improving Generalization, ICLR, 2021 
2. Smith et al., On the Origin of Implicit Regularization in Stochastic Gradient Descent, ICLR, 2021

See Section 1.2, Eq 2 in Khan and Rue, 2021
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✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

⟹ ∇θℓ(θ*) = 0

⟹ ∇m𝔼q*
[ℓ(θ)] = 0

GD:
m m� ⇢rmEq[`(✓)]

<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

BLR:

See Eq 25 in Khan and Rue, 2021 (Bonnet’s theorem)

Bayesian solution 
injects “noise” which has 
a similar regularization 
effect to noise in 
Stochastic GD. It prefers 
“flatter” directions.



SGD: Implicit Regularization
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SGD: Implicit Regularization
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Bayes: Explicit Regularization 
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Estimating Gaussian posteriors where the 
variance is fixed, and only the mean is estimated 𝔼q*

[∇θℓ(θ)] = 0

By increasing the 
variance, we can 
move the mode 
arbitrarily far.

Bayesian“noise” 
has a similar 
regularization to 
the SGD noise. 

It prefers “flatter” 
directions.



Newton’s method from 
Bayesian Learning Rule

(Gradient, Hessian) as natural 
gradients

23



Newton’s Method from BLR
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)
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Newton’s method:
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Newton’s method:

Express in terms of gradient and Hessian of loss:
Eq[`(✓)] ⇡ `(m)
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Delta Method

Set    =1 to get m m�H
�1
m [rm`(m)]
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021



RMSprop/Adam from BLR

261. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

RMSprop BLR for Gaussian approx

To get RMSprop, make the following choices
• Restrict covariance to be diagonal
• Replace Hessian by square of gradients
• Add square root for scaling vector

S  (1� ⇢)S + ⇢(H✓)

m m� ↵S
�1r✓`(✓)

<latexit sha1_base64="fTMsyehhC7I4gYoyh5dms3QHSNE="></latexit>

s (1� ⇢)s+ ⇢[r̂`(✓)]2

✓  ✓ � ↵(
p
s+ �)�1r̂`(✓)

<latexit sha1_base64="RyiZAK7rqVMEqEFbAuWUs+AixI0="></latexit>

For Adam, use a Heavy-ball term with KL 
divergence as momentum (Appendix E in [1])

See Section 4.2 in Khan and Rue, 2021
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RMSprop BLR variant called VOGN

g  r̂`(✓)
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g  r̂`(✓), where ✓ ⇠ N (m,�2)
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).

Available at https://github.com/team-approx-bayes/dl-with-bayes

https://github.com/team-approx-bayes/dl-with-bayes


Why use Bayesian averaging? 
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Choose an “ensemble” of almost equally good 
models (similar to sampling in SGD trajectories)

Bayes [1,2]



Uncertainty of Deep Nets
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Code available at https://github.com/team-approx-bayes/dl-with-bayesFigure 1: Comparing VOGN [22], a natural-gradient VI method, to Adam and SGD, training ResNet-
18 on ImageNet. The two left plots show that VOGN and Adam have similar convergence behaviour
and achieve similar performance in about the same number of epochs. VOGN achieves 67.38% on
validation compared to 66.39% by Adam and 67.79% by SGD. Run-time of VOGN is 76 seconds per
epoch compared to 44 seconds for Adam and SGD. The rightmost figure shows the calibration curve.
VOGN gives calibrated predictive probabilities (the diagonal represents perfect calibration).

We demonstrate practical training of deep networks by using recently proposed natural-gradient VI38

methods. These methods resemble the Adam optimiser, enabling us to leveraging existing techniques39

for initialisation, momentum, batch normalisation, data augmentation, and distributed training. As a40

result, we obtain similar performance in about the same number of epochs as Adam when training41

many popular deep networks (e.g., LeNet, AlexNet, ResNet) on datasets such as CIFAR-10 and42

ImageNet. See Fig. 1 for Imagenet. The results show that, despite using an approximate posterior, the43

training methods preserve the benefits of Bayesian principles. Compared to standard deep-learning44

methods, the predictive probabilities are well-calibrated and uncertainties on out-of-distribution45

inputs are improved. Our work shows that practical deep learning is possible with Bayesian methods46

and aims to support further research in this area.47

Related work. Previous VI methods, notably by Graves [15] and Blundell et al. [4], require signifi-48

cant implementation and tuning effort to perform well, e.g., on convolution neural networks (CNN).49

Slow convergence is found to be problematic for sequential problems [43]. There appears to be no50

reported results with complex networks on large problems, such as ImageNet. Our work solves these51

issues by borrowing deep-learning techniques and applying them to natural-gradient VI [22, 51].52

In their paper, Zhang et al. [51] also employed data augmentation and batch normalisation for a53

natural-gradient method called Noisy K-FAC (see Appendix A) and showed results on VGG on54

CIFAR-10. However, a mean-field method called noisy Adam was found to be unstable with batch55

normalisation. In contrast, we show that a similar method, called Variatonal Online Gauss-Newton56

(VOGN), proposed by Khan et al. [22], works well with such techniques. We show results for57

distributed training with noisy K-FAC on Imagenet, but do not provide extensive comparisons. Many58

of our techniques can be used to speed-up noisy K-FAC too, which is promising.59

Many other approaches have recently been proposed to compute posterior approximations by training60

deterministic networks [44, 36, 37]. Similarly to MC-dropout, the posterior approximation is not61

flexible and it is difficult to improve the accuracy of the posterior approximations. On the other hand,62

VI offers a much more flexible alternative to apply Bayesian principles to deep learning.63

2 Deep Learning with Bayesian Principles and Its Challenges64

The success of deep learning is partly due to the availability of scalable and practical methods for65

training deep neural networks (DNNs). Network training is formulated as an optimisation problem66

where a loss between the data and the DNN’s predictions is minimised. For example, in a supervised67

learning task with a dataset D of N inputs xi and corresponding outputs yi of length K, we minimise68

a loss of the following form: ¯̀(w) + �w
>
w, where ¯̀(w) := 1

N

P
i `(yi, fw(xi)), fw(x) 2 RK

69

denotes the DNN outputs with weights w, `(y, ŷ) denotes a differentiable loss function between an70

2

VOGN: A modification of Adam with similar 
performance on ImageNet, but better uncertainty

https://github.com/team-approx-bayes/dl-with-bayes


BLR variant [3] got 1st prize in NeurIPS 
2021 Approximate Inference Challenge

30

Watch Thomas Moellenhoff’s talk at 
https://www.youtube.com/watch?v=LQInlN5EU7E.

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).
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Image
Segmentation

Uncertainty
(entropy of
class probs)

(By Roman Bachmann)



Summary

• Gradient descent is derived using a Gaussian with fixed 
covariance, and estimating the mean 

• Newton’s method is derived using multivariate Gaussian
• RMSprop is derived using diagonal covariance
• Adam is derived by adding heavy-ball momentum term
• For “ensemble of Newton”, use Mixture of Gaussians [1]
• To derive DL algorithms, we need to use the Delta 

method (a local approximation)
• Then, to improve DL algorithms, we just need to add 

some “global” touch by relaxing the local approximation
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Eq[`(✓)] ⇡ `(m)
<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

1. Lin, Wu, Mohammad Emtiyaz Khan, and Mark Schmidt. "Fast and Simple Natural-Gradient Variational 
Inference with Mixture of Exponential-family Approximations." ICML (2019).



Bayes’ Rule from Bayesian 
Learning Rule

“Messages” as natural gradients
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Bayesian Inference as Optimization
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Entropy
DistributionAll distribution

= argmin
q2P

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="MCtvodOxk5t0WHQaACTTJD0/wzU="></latexit>

Good news: This holds for a generic loss function!
Zellner (1988), Bissiri, et al. (2016), Shawe-Taylor and Williamson (1997), Cesa-Bianchi and Lugosi (2006)

p(✓|D) =
p(D|✓)p(✓)R
p(D|✓)p(✓)d✓

<latexit sha1_base64="nZ6iOrV3C8iBJi+GE93W6qmN4uo="></latexit>

`(✓) := � log p(D|✓)p(✓)
<latexit sha1_base64="wc2pQ8yHTkJQRM/woXopamRxuzU=">AAACH3icbVDLSgNBEJyN7/iKehRkUIR4MOwqPhAUQQ8eIxgTyIYwO+kkQ2YfzPQKYc2HKF78FS8eFBFv+RtnEwWNFgwUVdVMd3mRFBptu29lxsYnJqemZ7Kzc/MLi7ml5WsdxopDiYcyVBWPaZAigBIKlFCJFDDfk1D2OmepX74BpUUYXGE3gprPWoFoCs7QSPXcvgtS5l1sA7ItenRMt6krwxaN8q7PsM2ZTM57t99+9J2s5zbsgj0A/UucL7JxunaX4r5Yz324jZDHPgTIJdO66tgR1hKmUHAJvawba4gY77AWVA0NmA+6lgzu69FNozRoM1TmBUgH6s+JhPlad33PJNOl9aiXiv951Ribh7VEBFGMEPDhR81YUgxpWhZtCAUcZdcQxpUwu1LeZopxNJVmTQnO6Ml/yfVOwdkt7F2aNk7IENNklayTPHHIATklF6RISoSTB/JEXsir9Wg9W2/W+zCasb5mVsgvWP1PtNWlTQ==</latexit>

/ p(D|✓)p(✓)
<latexit sha1_base64="IV9Up0MvjOKpXjRqvhGd6QSqKfs=">AAACEHicbZDLSsNAFIYn9VbrLepSkGAR66YkiuhKCrpwWcFeoAllMp22QyfJMHMilNhHcONOX8ONC0XcunTn2zhputDWHwY+/nMOc87vC84U2Pa3kZubX1hcyi8XVlbX1jfMza26imJJaI1EPJJNHyvKWUhrwIDTppAUBz6nDX9wkdYbt1QqFoU3MBTUC3AvZF1GMGirbR64QkYCIkuU3ABDn2CeXI7uXOhTwIepm1HbLNpleyxrFpwJFCu7j6meqm3zy+1EJA5oCIRjpVqOLcBLsARGOB0V3FhRgckA92hLY4gDqrxkfNDI2tdOx+pGUr8QrLH7eyLBgVLDwNed6dJqupaa/9VaMXTPvISFIgYakuyjbswtHUCajtVhkhLgQw2YSKZ3tUgfS0xAZ1jQITjTJ89C/ajsHJdPrnUa5yhTHu2gPVRCDjpFFXSFqqiGCLpHz+gVvRkPxovxbnxkrTljMrON/sj4/AGyh6C5</latexit>

/ p(✓|D)
<latexit sha1_base64="0/POwCJWwo1sRPeK5zaiGIdmIzs=">AAACBnicbVDLSsNAFJ3UV62vqEtRgkWom5Iooisp6MJlBfuAJpTJdNIOnSTDzI1QYldu/AX9AzcuFHHrN7jzb5y0XWjrgYHDOfcy9xxfcKbAtr+N3Nz8wuJSfrmwsrq2vmFubtVVnEhCayTmsWz6WFHOIloDBpw2haQ49Dlt+P2LzG/cUqlYHN3AQFAvxN2IBYxg0FLb3HWFjAXElii50KOA79wQQ49gnl4OD9tm0S7bI1izxJmQYmXvMcNTtW1+uZ2YJCGNgHCsVMuxBXgplsAIp8OCmygqMOnjLm1pGuGQKi8dxRhaB1rpWEEs9YvAGqm/N1IcKjUIfT2Z3aimvUz8z2slEJx5KYtEAjQi44+ChFs6dtaJ1WGSEuADTTCRTN9qkR6WmIBurqBLcKYjz5L6Udk5Lp9c6zbO0Rh5tIP2UQk56BRV0BWqohoi6B49o1f0ZjwYL8a78TEezRmTnW30B8bnD7WKnQI=</latexit>

= Eq


log

q(✓)

e�`(✓)

�

<latexit sha1_base64="FvcR0kmhjMsv3hmAw8M68/JRImw="></latexit>

=) q⇤(✓) / e�`(✓)
<latexit sha1_base64="9QVEJjpmmuYsVzcZYxc+FKSgbi8=">AAACGHicbVDJSgNBFOxxjXGLehSkMQhRMM4ooicJePEYwSyQiaGn82Ka9Cx2vxHCkM/wYH7FiwdFvObm39hZBI0WNBRV7/G6youk0Gjbn9bM7Nz8wmJqKb28srq2ntnYLOswVhxKPJShqnpMgxQBlFCghGqkgPmehIrXuRz6lQdQWoTBDXYjqPvsLhAtwRkaqZE5coVv7oCm942DnIttQLZP3UiFEYYUbpND6oKU306vkcnaeXsE+pc4E5It7DwN0S82MgO3GfLYhwC5ZFrXHDvCesIUCi6hl3ZjDRHjHXYHNUMD5oOuJ6NgPbpnlCZthcq8AOlI/bmRMF/rru+ZSZ9hW097Q/E/rxZj67yeiCCKEQI+PtSKJTWZhy3RplDAUXYNYVwJ81fK20wxjqbLtCnBmY78l5SP885J/vTatHFBxkiRbbJLcsQhZ6RArkiRlAgnj+SZvJI3q2+9WO/Wx3h0xprsbJFfsAZfp/+jRQ==</latexit>

= Eq[`(✓)] + Eq[log q(✓)]
<latexit sha1_base64="nGHnouPlQ2mS+b44P4NikyDcx+k="></latexit>



Bayesian Inference from BLR
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= �2✓>(X>y) + Tr
⇥
✓✓>

�
X>X + �I

�⇤
+ cnst

<latexit sha1_base64="xYS2Qaq7egswTbdaKH1S7TCFvgY="></latexit>

Sufficient 
statistics of q

Ex: Linear model, Kalman filters, HMM, etc.
`(✓) := � log p(D|✓)p(✓)

<latexit sha1_base64="wc2pQ8yHTkJQRM/woXopamRxuzU=">AAACH3icbVDLSgNBEJyN7/iKehRkUIR4MOwqPhAUQQ8eIxgTyIYwO+kkQ2YfzPQKYc2HKF78FS8eFBFv+RtnEwWNFgwUVdVMd3mRFBptu29lxsYnJqemZ7Kzc/MLi7ml5WsdxopDiYcyVBWPaZAigBIKlFCJFDDfk1D2OmepX74BpUUYXGE3gprPWoFoCs7QSPXcvgtS5l1sA7ItenRMt6krwxaN8q7PsM2ZTM57t99+9J2s5zbsgj0A/UucL7JxunaX4r5Yz324jZDHPgTIJdO66tgR1hKmUHAJvawba4gY77AWVA0NmA+6lgzu69FNozRoM1TmBUgH6s+JhPlad33PJNOl9aiXiv951Ribh7VEBFGMEPDhR81YUgxpWhZtCAUcZdcQxpUwu1LeZopxNJVmTQnO6Ml/yfVOwdkt7F2aNk7IENNklayTPHHIATklF6RISoSTB/JEXsir9Wg9W2/W+zCasb5mVsgvWP1PtNWlTQ==</latexit>

= ��>
DT (✓)

<latexit sha1_base64="ZVrUpSbqp8V57Vge0CzUaKj4LzI=">AAACEnicbVC7SgNBFJ31bXxFLQUZDIIpDLuKaKMIWlhGSDSQXZe7k0kyZPbBzF0hLPkGGxv9DxsLRWyt7PwbZxMLXwcGDufcw9x7gkQKjbb9YY2NT0xOTc/MFubmFxaXissrFzpOFeN1FstYNQLQXIqI11Gg5I1EcQgDyS+D3knuX15zpUUc1bCfcC+ETiTaggEayS+WDyndpq40iRb4mRsCdhnI7HQwuHIxTmhty8UuRyj7xZJdsYegf4nzRUrH63c57qt+8d1txSwNeYRMgtZNx07Qy0ChYJIPCm6qeQKsBx3eNDSCkGsvG540oJtGadF2rMyLkA7V74kMQq37YWAm85X1by8X//OaKbYPvExESYo8YqOP2qmkGNO8H9oSijOUfUOAKWF2pawLChiaFgumBOf3yX/JxU7F2a3snZs2jsgIM2SNbJAt4pB9ckzOSJXUCSM35IE8kWfr1nq0XqzX0eiY9ZVZJT9gvX0C9yqgzQ==</latexit>

`(✓) := (y �X✓)>(y �X✓) + �✓>✓
<latexit sha1_base64="X3n44FP/kR5TTzCCoOXVm/1PMrQ="></latexit>

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

� �� ⇢ (rµEq[`(✓)] + �)
<latexit sha1_base64="jKVIoiZqP+0Cz4aycu5oQngzcqI="></latexit>

Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Forward-backward, SVI, Variational message 
passing etc. are special cases of the BLR

=) Eq[`(✓)] = ��Dµ
<latexit sha1_base64="KolajW+s4nzZvdH7nLbeNoYFZOA="></latexit>

=) rµEq[`(✓)] = ��D
<latexit sha1_base64="EPdHxM7qtxYlT/aLoHuOQXNK/Ig="></latexit>

� �� ⇢ (��D + �)
<latexit sha1_base64="98KtxKJNadfBAGfBqNqi7IaNRI4="></latexit>

=) �⇤ = �D
<latexit sha1_base64="0P7XDgaQp9MF87wxY6N9o1W+Ff8=">AAACEXicbVDLSsNAFJ34rK2PWJduBqtQXJREEd0oBV24rGAf0IQwmUzboTNJmJkIJdQvEDeu/A83LhRx686df+OkLaKtBy4czrmXe+/xY0alsqwvY25+YXFpObeSL6yurW+Ym8WGjBKBSR1HLBItH0nCaEjqiipGWrEgiPuMNP3+eeY3b4iQNAqv1SAmLkfdkHYoRkpLnll2KNd7iIQO01MB8vbh6Q93OFI9jFh6MfTMklWxRoCzxJ6QUrX4eHdb3i3UPPPTCSKccBIqzJCUbduKlZsioShmZJh3EklihPuoS9qahogT6aajj4ZwTysB7ERCV6jgSP09kSIu5YD7ujM7UU57mfif105U58RNaRgnioR4vKiTMKgimMUDAyoIVmygCcKC6lsh7iGBsNIh5nUI9vTLs6RxULEPK0dXOo0zMEYObIMdUAY2OAZVcAlqoA4wuAdP4AW8Gg/Gs/FmvI9b54zJzBb4A+PjG+Dmn0Y=</latexit>

See Section 1.3.3 and Section 5.1 in Khan and Rue, 2021

Messages



The Bayesian “Principle”
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Entropy
DistributionAll distribution

= argmin
q2P

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="MCtvodOxk5t0WHQaACTTJD0/wzU="></latexit>

Restrict the set of distributions (change P to Q)
= argmin

q2Q
Eq(✓)[`(✓)]�H(q)

<latexit sha1_base64="LUjqhT3I5K8dnaE5HCl9W+aUStM="></latexit>

Often we call this variational Inference, but it’s not 
just a method, rather a general Bayesian principle.

`(✓) := � log p(D|✓)p(✓)
<latexit sha1_base64="wc2pQ8yHTkJQRM/woXopamRxuzU=">AAACH3icbVDLSgNBEJyN7/iKehRkUIR4MOwqPhAUQQ8eIxgTyIYwO+kkQ2YfzPQKYc2HKF78FS8eFBFv+RtnEwWNFgwUVdVMd3mRFBptu29lxsYnJqemZ7Kzc/MLi7ml5WsdxopDiYcyVBWPaZAigBIKlFCJFDDfk1D2OmepX74BpUUYXGE3gprPWoFoCs7QSPXcvgtS5l1sA7ItenRMt6krwxaN8q7PsM2ZTM57t99+9J2s5zbsgj0A/UucL7JxunaX4r5Yz324jZDHPgTIJdO66tgR1hKmUHAJvawba4gY77AWVA0NmA+6lgzu69FNozRoM1TmBUgH6s+JhPlad33PJNOl9aiXiv951Ribh7VEBFGMEPDhR81YUgxpWhZtCAUcZdcQxpUwu1LeZopxNJVmTQnO6Ml/yfVOwdkt7F2aNk7IENNklayTPHHIATklF6RISoSTB/JEXsir9Wg9W2/W+zCasb5mVsgvWP1PtNWlTQ==</latexit>

1. Ollivier et al. "Information-geometric optimization algorithms: A unifying picture via invariance 
principles.” JMLR (2017).

Similar to IGO [1] but the entropy is essential!
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See Section 1.2 in Khan and Rue, 2021



Principles of “good” algorithms?

• Information Geometry of Bayes
– To unify/generalize/improve learning-algorithms
– Optimize for “posterior approximations”

• Bayesian Learning rule (BLR)
– Derive many algorithms from optimization, deep 

learning, and Bayesian inference
• Natural Gradients are Everywhere!
• See Wu Lin’s talk on extensions beyond “minimal” 

exp-family (structured cases with singular FIM)
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Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
Lin et al., Tractable structured natural gradient descent using local parameterizations, ICML 2021



NeurIPS 2019 
Tutorial
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What’s Next

• Bayesian “Duality” Principle
– The BLR unravels a duality perspective 

of good algorithms
– Unifies many results from many fields
• convex duality, Kernel methods, Bayesian 

nonparametric methods, Deep Learning, 
Robust statistics, and Information Geometry 

–Helps to solve the Adaptation problem 
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The webpage is available at https://bayesduality.github.io/, and Twitter account @BayesDuality 

Received total funding of around USD 3 million through JST’s 
CREST-ANR and Kakenhi Grants. 
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Approximate Bayesian Inference Team
https://team-approx-bayes.github.io/

https://team-approx-bayes.github.io/

