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AI that learn like humans

Quickly adapt to learn new skills, throughout 
their lives
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Failure of AI in “dynamic” setting

6h"ps://www.youtube.com/watch?v=TxobtWAFh8o The video is from 2017

Robots need quick adaptation to be deployed 
(for example, at homes for elderly care)

https://www.youtube.com/watch?v=TxobtWAFh8o
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Failure of AI in “dynamic” setting

7h"p://smerity.com/arDcles/2016/tayandyou.html

Microsoft’s chatbot “Tay Tweets” went crazy 
only after 24 hours of “learning” 

from the other people’s tweets (2016)
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Towards a new learning paradigm, 
based on Bayesian principles

July 14, 2021



Human learning           Deep learning
Life-long learning from 
small chunks of data in 
a non-stationary world
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Bulk learning from a 
large amount of data in 

a stationary world

1. Parisi, German I., et al. "Continual lifelong learning with neural networks: A review." Neural Networks (2019)
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Bulk learning from a 
large amount of data in 

a stationary world

1. Parisi, German I., et al. "Continual lifelong learning with neural networks: A review." Neural Networks (2019)

Our current research focuses on reducing this gap!
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Bulk learning from a 
large amount of data in 

a stationary world

1. Parisi, German I., et al. "Continual lifelong learning with neural networks: A review." Neural Networks (2019)

Our current research focuses on reducing this gap!

2. Geisler, W. S., and Randy L. D. "Bayesian natural selection and the evolution of perceptual 
systems." Philosophical Transactions of the Royal Society of London. Biological Sciences (2002)

Bayesian Principles
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Bulk learning from a 
large amount of data in 

a stationary world

1. Parisi, German I., et al. "Continual lifelong learning with neural networks: A review." Neural Networks (2019)

Our current research focuses on reducing this gap!

2. Geisler, W. S., and Randy L. D. "Bayesian natural selection and the evolution of perceptual 
systems." Philosophical Transactions of the Royal Society of London. Biological Sciences (2002)

Bayesian Principles

Our research
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Principles

• Bayesian principles as a general principle
– To design/improve/generalize learning-algorithms
– By computing “posterior approximations”

• Bayesian Learning rule
– Derive many existing algorithms
– Deep Learning (SGD, RMSprop, Adam)
– Exact Bayes, Laplace, Variational Inference, etc

• Design new deep-learning algorithms 
– Uncertainty estimation and life-long learning

• Impact: Everything with one common principle.
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Abstract

We show that many machine-learning algorithms are specific instances of a single algorithm
called the Bayesian learning rule. The rule, derived from Bayesian principles, yields a wide-range
of algorithms from fields such as optimization, deep learning, and graphical models. This includes
classical algorithms such as ridge regression, Newton’s method, and Kalman filter, as well as modern
deep-learning algorithms such as stochastic-gradient descent, RMSprop, and Dropout. The key idea
in deriving such algorithms is to approximate the posterior using candidate distributions estimated by
using natural gradients. Di↵erent candidate distributions result in di↵erent algorithms and further
approximations to natural gradients give rise to variants of those algorithms. Our work not only
unifies, generalizes, and improves existing algorithms, but also helps us design new ones.

1 Introduction

1.1 Learning-algorithms

Machine Learning (ML) methods have been extremely successful in solving many challenging problems
in fields such as computer vision, natural-language processing and artificial intelligence (AI). The main
idea is to formulate those problems as prediction problems, and learn a model on existing data to predict
the future outcomes. For example, to design an AI agent that can recognize objects in an image, we
can collect a dataset with N images xi 2 RD and object labels yi 2 {1, 2, . . . , K}, and learn a model
f✓(x) with parameters ✓ 2 RP to predict the label for a new image. Learning algorithms are often
employed to estimate the parameters ✓ using the principle of trial-and-error, e.g., by using Empirical
Risk Minimization (ERM),

✓⇤ = argmin
✓

¯̀(✓) where ¯̀(✓) =
NX

i=1

`(yi, f✓(xi)) + R(✓). (1)

Here, `(y, f✓(x)) is a loss function that encourages the model to predict well and R(✓) is a regularizer
that prevents it from overfitting. A wide-variety of such learning-algorithms exist in the literature to
solve a variety of learning problems, for example, ridge regression, Kalman filters, gradient descent, and
Newton’s method. These algorithms play a key role in the success of modern ML.

Learning-algorithms are often derived by borrowing and combining ideas from a diverse set of fields,
such as statistics, optimization, and computer science. For example, the field of probabilistic graphical
models [Koller and Friedman, 2009, Bishop, 2006] uses popular algorithms such as ridge-regression [Ho-
erl and Kennard, 1970], Kalman filters [Kalman, 1960], Hidden Markov Models [Stratonovich, 1965],
and Expectation-Maximization (EM) [Dempster et al., 1977]. The field of Approximate Bayesian Infer-
ence builds upon such algorithms to perform inference on complex graphical models, e.g., algorithms

1

11Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
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Abstract

We show that many machine-learning algorithms are specific instances of a single algorithm
called the Bayesian learning rule. The rule, derived from Bayesian principles, yields a wide-range
of algorithms from fields such as optimization, deep learning, and graphical models. This includes
classical algorithms such as ridge regression, Newton’s method, and Kalman filter, as well as modern
deep-learning algorithms such as stochastic-gradient descent, RMSprop, and Dropout. The key idea
in deriving such algorithms is to approximate the posterior using candidate distributions estimated by
using natural gradients. Di↵erent candidate distributions result in di↵erent algorithms and further
approximations to natural gradients give rise to variants of those algorithms. Our work not only
unifies, generalizes, and improves existing algorithms, but also helps us design new ones.

1 Introduction

1.1 Learning-algorithms

Machine Learning (ML) methods have been extremely successful in solving many challenging problems
in fields such as computer vision, natural-language processing and artificial intelligence (AI). The main
idea is to formulate those problems as prediction problems, and learn a model on existing data to predict
the future outcomes. For example, to design an AI agent that can recognize objects in an image, we
can collect a dataset with N images xi 2 RD and object labels yi 2 {1, 2, . . . , K}, and learn a model
f✓(x) with parameters ✓ 2 RP to predict the label for a new image. Learning algorithms are often
employed to estimate the parameters ✓ using the principle of trial-and-error, e.g., by using Empirical
Risk Minimization (ERM),

✓⇤ = argmin
✓

¯̀(✓) where ¯̀(✓) =
NX

i=1

`(yi, f✓(xi)) + R(✓). (1)

Here, `(y, f✓(x)) is a loss function that encourages the model to predict well and R(✓) is a regularizer
that prevents it from overfitting. A wide-variety of such learning-algorithms exist in the literature to
solve a variety of learning problems, for example, ridge regression, Kalman filters, gradient descent, and
Newton’s method. These algorithms play a key role in the success of modern ML.

Learning-algorithms are often derived by borrowing and combining ideas from a diverse set of fields,
such as statistics, optimization, and computer science. For example, the field of probabilistic graphical
models [Koller and Friedman, 2009, Bishop, 2006] uses popular algorithms such as ridge-regression [Ho-
erl and Kennard, 1970], Kalman filters [Kalman, 1960], Hidden Markov Models [Stratonovich, 1965],
and Expectation-Maximization (EM) [Dempster et al., 1977]. The field of Approximate Bayesian Infer-
ence builds upon such algorithms to perform inference on complex graphical models, e.g., algorithms
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
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can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
uncertainty can further be categorized into homoscedastic uncertainty, uncertainty which stays con-
stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
time.
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uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.
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stant for different inputs, and heteroscedastic uncertainty. Heteroscedastic uncertainty depends on
the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
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on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.
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the inputs to the model, with some inputs potentially having more noisy outputs than others. Het-
eroscedastic uncertainty is especially important for computer vision applications. For example, for
depth regression, highly textured input images with strong vanishing lines are expected to result in
confident predictions, whereas an input image of a featureless wall is expected to have very high
uncertainty.

In this paper we make the observation that in many big data regimes (such as the ones common
to deep learning with image data), it is most effective to model aleatoric uncertainty, uncertainty
which cannot be explained away. This is in comparison to epistemic uncertainty which is mostly
explained away with the large amounts of data often available in machine vision. We further show
that modeling aleatoric uncertainty alone comes at a cost. Out-of-data examples, which can be
identified with epistemic uncertainty, cannot be identified with aleatoric uncertainty alone.

For this we present a unified Bayesian deep learning framework which allows us to learn map-
pings from input data to aleatoric uncertainty and compose these together with epistemic uncer-
tainty approximations. We derive our framework for both regression and classification applications
and present results for per-pixel depth regression and semantic segmentation tasks (see Figure 1 and
the supplementary video for examples). We show how modeling aleatoric uncertainty in regression
can be used to learn loss attenuation, and develop a complimentary approach for the classification
case. This demonstrates the efficacy of our approach on difficult and large scale tasks.

The main contributions of this work are;

1. We capture an accurate understanding of aleatoric and epistemic uncertainties, in particular
with a novel approach for classification,

2. We improve model performance by 1 � 3% over non-Bayesian baselines by reducing the
effect of noisy data with the implied attenuation obtained from explicitly representing
aleatoric uncertainty,

3. We study the trade-offs between modeling aleatoric or epistemic uncertainty by character-
izing the properties of each uncertainty and comparing model performance and inference
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Figure 1: Illustrating the difference between aleatoric and epistemic uncertainty for semantic segmentation
on the CamVid dataset [8]. Aleatoric uncertainty captures noise inherent in the observations. In (d) our model
exhibits increased aleatoric uncertainty on object boundaries and for objects far from the camera. Epistemic

uncertainty accounts for our ignorance about which model generated our collected data. This is a notably
different measure of uncertainty and in (e) our model exhibits increased epistemic uncertainty for semantically
and visually challenging pixels. The bottom row shows a failure case of the segmentation model when the
model fails to segment the footpath due to increased epistemic uncertainty, but not aleatoric uncertainty.

which captures our ignorance about which model generated our collected data. This uncertainty
can be explained away given enough data, and is often referred to as model uncertainty. Aleatoric
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Figure 2: Proposed method for model selection using the marginal likelihood. In Step 1, we apply our online algorithm
(Alg. 1) to optimize the marginal likelihood estimate (Eq. 3) with respect to the differentiable hyperparameters (here: prior
precision �i per layer and softmax temperature T ). In Step 2, we compare the resulting model (left) to an overfitting model
(right) with higher training accuracy but lower test accuracy; both models have the same architecture. The Laplace-GGN
marginal likelihood estimate log q(D|M) correctly identifies the model that generalizes better. See Sec. 4.1 for details.

Note that the parameters ✓⇤ in Eq. 3 are assumed to be the
MAP estimate, however this is not true during training at
some ✓. We also try another method derived from a local
integration in App. A.1 instead, but empirically this does not
give good results and is more expensive. Theoretically, joint
optimization of ✓ and M

@ could be achieved with second-
order optimization methods which resemble a step of local
integration. We discuss the choice of hyperparameters of
Alg. 1 in Sec. 3.4.

3.2. Step 2: Model selection after training

To choose between two discrete model alternatives, such
as different architectures, we compare their marginal likeli-
hood estimate after training. This step is a basic hypothesis
test where we compare two models M and M

0 and choose
the more likely model given the data according to the likeli-
hood ratio p(D|M)/p(D|M

0), which is the most powerful
statistical test for this purpose (Neyman & Pearson, 1933).
In terms of the marginal likelihood, we only need to choose
the model with a higher value (cf. Fig. 1 and Fig. 2 (right)).

3.3. Scalable Laplace approximations

Efficient determinant computation. Scalable marginal
likelihood estimation (Eq. 3) relies on an efficient computa-
tion of the determinant of the GGN or EF approximation of
the Hessian (Eqs. 4 and 5). When N is small, we can use
the Woodbury matrix identity to rewrite the determinant of
the Hessian (a P ⇥ P matrix) in terms of determinants of
matrices whose size only depends on the number of data
points N and outputs (e.g., classes) C instead:
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The determinants |P✓| (though still P ⇥ P ) and |L✓| are
usually cheap to compute as the prior p(✓) often factorizes
across parameters and L✓ is block-diagonal. When neither
O(N3) nor O(P 3) are tractable we consider the following
structured GGN approximations of different sparsities.

Kronecker-factored Laplace. The Kronecker-factored
(KFAC) GGN approximation is based on a block-diagonal
approximation to H

GGN
✓ and is specified by a Kronecker

product per layer (Martens & Grosse, 2015; Botev et al.,
2017). The GGN of the l-th layer of the neural network
is approximated as [JT

✓L✓J✓]l ⇡ Ql ⌦ Wl where Ql is
computed from the gradient by backpropagation and Wl de-
pends on the input to the l-th layer. Wl and Ql are quadratic
in the l-th layer’s input and output size, respectively. Let
q

(l)
2 RDl and w

(l)
2 RD0

l be the eigenvalues of Ql and
Wl, respectively. If the prior Hessian P✓ is isotropic per
layer, that is, [P✓]l = p(l)

✓ Il, then we can compute the deter-
minant for the Laplace-GGN efficiently as
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✓ | ⇡ |H
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q
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i w
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✓ . (9)

In contrast to the typical use of Kronecker-factored approx-
imations in optimization (Martens & Grosse, 2015; Botev
et al., 2017) and approximate inference (Ritter et al., 2018;
Zhang et al., 2018), we avoid damping which would distort
the Laplace-GGN (cf. App. A.3 for discussion and abla-
tion experiment). Computationally, the Kronecker-factored
Laplace-GGN is cheaper than the full Laplace-GGN because
we only need to decompose matrices that are quadratic in
the number of neurons per layer. This number typically does
not exceed a few thousand.

Diagonal Laplace relies on a simple diagonal form of
GGN or EF which allows cheap computation of the determi-
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(right) with higher training accuracy but lower test accuracy; both models have the same architecture. The Laplace-GGN
marginal likelihood estimate log q(D|M) correctly identifies the model that generalizes better. See Sec. 4.1 for details.
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KFAC
✓ | =

Y

l

Y

ij

q
(l)
i w

(l)
j + p(l)

✓ . (9)

In contrast to the typical use of Kronecker-factored approx-
imations in optimization (Martens & Grosse, 2015; Botev
et al., 2017) and approximate inference (Ritter et al., 2018;
Zhang et al., 2018), we avoid damping which would distort
the Laplace-GGN (cf. App. A.3 for discussion and abla-
tion experiment). Computationally, the Kronecker-factored
Laplace-GGN is cheaper than the full Laplace-GGN because
we only need to decompose matrices that are quadratic in
the number of neurons per layer. This number typically does
not exceed a few thousand.

Diagonal Laplace relies on a simple diagonal form of
GGN or EF which allows cheap computation of the determi-

Bayesian DLStandard DL

Left figure is cross-validation. Right figure is “Marginal Likelihood”.
Immer et al., Scalable Marginal Likelihood Estimation for Model Selection in Deep Learning, ICML, 2021.
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Figure 2: Each dot above shows a model of different size and/or architecture (around 40 models per plot of varying widths
and depths). Models with higher training marginal-likelihood tend to have higher test accuracy. For similar performance,
smaller models tend to have a higher marginal-likelihood as desired. Marker size and color changes with the number of
parameters. See Sec. 4.3 for details and App. C.5 for a full list of models with accuracy and marginal-likelihood estimates.

lihood and select both the hyperparameters and network
architectures. Differentiable hyperparameters can be opti-
mized during training in an online fashion (unlike MacKay
(1995)’s original proposal and Khan et al. (2019)’s recent
approach), and discrete ones can be selected after training.

The method relies on the Generalized Gauss-Newton (GGN)
and the Empirical Fisher (EF) approximation to the Hes-
sian. The full GGN and EF can also be extremely expensive
and we reduce the cost by using additional diagonal and
block-diagonal approximations (Martens & Grosse, 2015;
Botev et al., 2017). All these approximations have been
used in approximate inference before (Khan et al., 2018;
Zhang et al., 2018; Ritter et al., 2018; Osawa et al., 2019;
Foresee & Hagan, 1997; Khan et al., 2019), but they have
not been applied to model selection and their effectiveness
for marginal likelihood estimation has also been unknown.
Unlike our proposal, the method by Khan et al. (2019) is
limited to regression and uses the full but intractable GGN
approximation. Blundell et al. (2015) also used the vari-
ational lower-bound for hyperparameter optimization but
found it to give worse results.

Our main contribution is to show that, even after making
these approximations to improve scalability, the estimated
marginal likelihoods can faithfully select reasonable models
(see Figs. 1 and 2). Our method achieves performance on par
or better than cross-validation on a range of regression and
classification benchmarks. The best architecture identified
by the marginal likelihood aligns with the test performance
(see Fig. 2). It aligns well with the empirical observation
that ResNets often perform better than the standard convo-
lutional networks, which in turn are observed to give better
results than their fully-connected counterparts. Overall, our
work supports the long-held hypothesis that the marginal
likelihood is effective for model selection in deep learning,
and shows that a relatively cheap and simple approximation
can achieve competitive results.

2. Background
In this paper, we consider supervised learning tasks with
inputs xn 2 RD and C-dimensional vector outputs yn (real
or categorical outcomes), and denote the data as the set
D = {(xn,yn)}Nn=1 of N training-example pairs.

Bayesian models. We denote by f(x,✓) the C-
dimensional real-valued output of a neural network with
parameters ✓ 2 RP , specified by a model M which typ-
ically consists of a network architecture and hyperparam-

eters. A Bayesian model can then be defined using a
likelihood and a prior, to get the posterior distribution:
p(✓|D,M) / p(D|✓,M)p(✓|M). We assume that the
data examples are sampled i.i.d. from p(y|f(x,✓),M). The
normalizing constant of the posterior, also known as the
marginal likelihood, is given by the following expression:

p(D|M) =
R QN

n=1 p(yn|f(xn,✓),M)p(✓|M) d✓. (1)

The model M might consist of the choice of network-
architecture (CNN, ResNet, etc.) and hyperparameters of
the likelihood and prior, for example, observation noise and
prior variances. Some of these are continuous parameters
while others are discrete. Our goal is to use the marginal
likelihood to select such parameters.

Bayesian model comparison. The marginal likelihood in
Eq. 1 can be seen as a probability distribution over the space
of all datasets (of size N ) given the model M. The distribu-
tion is expected to be wider for complex models, because
such models can generate data of more variety than simpler
models. Given the training data D, a model too simple or
too complex will therefore be assigned a lower probability
p(D|M), naturally yielding Occam’s razor (Blumer et al.,
1987; Jefferys & Berger, 1992; Rasmussen & Ghahramani,
2001). See Fig. 3.13 in Bishop (2006) for an illustration. A
simple method is to pick the model that assigns the highest

The “training marginal-likelihood” can be used to 
select deep-nets, without requiring the test set.
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Not scalable Scalable

p(✓|D) =
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p(D|✓)p(✓)d✓
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Bayes DL
Can handle large data and complex models?

Scalable training?

Can estimate uncertainty?

Can perform sequential / active /online / 
incremental learning?



Bayesian Principles

Inference as Optimization
Go beyond probabilistic models

To deep-learning models
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/ p(✓|D)
<latexit sha1_base64="0/POwCJWwo1sRPeK5zaiGIdmIzs=">AAACBnicbVDLSsNAFJ3UV62vqEtRgkWom5Iooisp6MJlBfuAJpTJdNIOnSTDzI1QYldu/AX9AzcuFHHrN7jzb5y0XWjrgYHDOfcy9xxfcKbAtr+N3Nz8wuJSfrmwsrq2vmFubtVVnEhCayTmsWz6WFHOIloDBpw2haQ49Dlt+P2LzG/cUqlYHN3AQFAvxN2IBYxg0FLb3HWFjAXElii50KOA79wQQ49gnl4OD9tm0S7bI1izxJmQYmXvMcNTtW1+uZ2YJCGNgHCsVMuxBXgplsAIp8OCmygqMOnjLm1pGuGQKi8dxRhaB1rpWEEs9YvAGqm/N1IcKjUIfT2Z3aimvUz8z2slEJx5KYtEAjQi44+ChFs6dtaJ1WGSEuADTTCRTN9qkR6WmIBurqBLcKYjz5L6Udk5Lp9c6zbO0Rh5tIP2UQk56BRV0BWqohoi6B49o1f0ZjwYL8a78TEezRmTnW30B8bnD7WKnQI=</latexit>

= Eq


log

q(✓)

e�`(✓)

�

<latexit sha1_base64="FvcR0kmhjMsv3hmAw8M68/JRImw="></latexit>

=) q⇤(✓) / e�`(✓)
<latexit sha1_base64="9QVEJjpmmuYsVzcZYxc+FKSgbi8=">AAACGHicbVDJSgNBFOxxjXGLehSkMQhRMM4ooicJePEYwSyQiaGn82Ka9Cx2vxHCkM/wYH7FiwdFvObm39hZBI0WNBRV7/G6youk0Gjbn9bM7Nz8wmJqKb28srq2ntnYLOswVhxKPJShqnpMgxQBlFCghGqkgPmehIrXuRz6lQdQWoTBDXYjqPvsLhAtwRkaqZE5coVv7oCm942DnIttQLZP3UiFEYYUbpND6oKU306vkcnaeXsE+pc4E5It7DwN0S82MgO3GfLYhwC5ZFrXHDvCesIUCi6hl3ZjDRHjHXYHNUMD5oOuJ6NgPbpnlCZthcq8AOlI/bmRMF/rru+ZSZ9hW097Q/E/rxZj67yeiCCKEQI+PtSKJTWZhy3RplDAUXYNYVwJ81fK20wxjqbLtCnBmY78l5SP885J/vTatHFBxkiRbbJLcsQhZ6RArkiRlAgnj+SZvJI3q2+9WO/Wx3h0xprsbJFfsAZfp/+jRQ==</latexit>

= Eq[`(✓)] + Eq[log q(✓)]
<latexit sha1_base64="nGHnouPlQ2mS+b44P4NikyDcx+k="></latexit>

See Appendix A in Khan and Rue, 2021
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Entropy
DistributionAll distribution

= argmin
q2P

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="MCtvodOxk5t0WHQaACTTJD0/wzU="></latexit>

Holds for any loss function (generalized-posterior)
Zellner (1988), Bissiri, et al. (2016), Shawe-Taylor and Williamson (1997), Cesa-Bianchi and Lugosi (2006)

p(✓|D) =
p(D|✓)p(✓)R
p(D|✓)p(✓)d✓

<latexit sha1_base64="nZ6iOrV3C8iBJi+GE93W6qmN4uo="></latexit>

`(✓) := � log p(D|✓)p(✓)
<latexit sha1_base64="wc2pQ8yHTkJQRM/woXopamRxuzU=">AAACH3icbVDLSgNBEJyN7/iKehRkUIR4MOwqPhAUQQ8eIxgTyIYwO+kkQ2YfzPQKYc2HKF78FS8eFBFv+RtnEwWNFgwUVdVMd3mRFBptu29lxsYnJqemZ7Kzc/MLi7ml5WsdxopDiYcyVBWPaZAigBIKlFCJFDDfk1D2OmepX74BpUUYXGE3gprPWoFoCs7QSPXcvgtS5l1sA7ItenRMt6krwxaN8q7PsM2ZTM57t99+9J2s5zbsgj0A/UucL7JxunaX4r5Yz324jZDHPgTIJdO66tgR1hKmUHAJvawba4gY77AWVA0NmA+6lgzu69FNozRoM1TmBUgH6s+JhPlad33PJNOl9aiXiv951Ribh7VEBFGMEPDhR81YUgxpWhZtCAUcZdcQxpUwu1LeZopxNJVmTQnO6Ml/yfVOwdkt7F2aNk7IENNklayTPHHIATklF6RISoSTB/JEXsir9Wg9W2/W+zCasb5mVsgvWP1PtNWlTQ==</latexit>

/ p(D|✓)p(✓)
<latexit sha1_base64="IV9Up0MvjOKpXjRqvhGd6QSqKfs=">AAACEHicbZDLSsNAFIYn9VbrLepSkGAR66YkiuhKCrpwWcFeoAllMp22QyfJMHMilNhHcONOX8ONC0XcunTn2zhputDWHwY+/nMOc87vC84U2Pa3kZubX1hcyi8XVlbX1jfMza26imJJaI1EPJJNHyvKWUhrwIDTppAUBz6nDX9wkdYbt1QqFoU3MBTUC3AvZF1GMGirbR64QkYCIkuU3ABDn2CeXI7uXOhTwIepm1HbLNpleyxrFpwJFCu7j6meqm3zy+1EJA5oCIRjpVqOLcBLsARGOB0V3FhRgckA92hLY4gDqrxkfNDI2tdOx+pGUr8QrLH7eyLBgVLDwNed6dJqupaa/9VaMXTPvISFIgYakuyjbswtHUCajtVhkhLgQw2YSKZ3tUgfS0xAZ1jQITjTJ89C/ajsHJdPrnUa5yhTHu2gPVRCDjpFFXSFqqiGCLpHz+gVvRkPxovxbnxkrTljMrON/sj4/AGyh6C5</latexit>

/ p(✓|D)
<latexit sha1_base64="0/POwCJWwo1sRPeK5zaiGIdmIzs=">AAACBnicbVDLSsNAFJ3UV62vqEtRgkWom5Iooisp6MJlBfuAJpTJdNIOnSTDzI1QYldu/AX9AzcuFHHrN7jzb5y0XWjrgYHDOfcy9xxfcKbAtr+N3Nz8wuJSfrmwsrq2vmFubtVVnEhCayTmsWz6WFHOIloDBpw2haQ49Dlt+P2LzG/cUqlYHN3AQFAvxN2IBYxg0FLb3HWFjAXElii50KOA79wQQ49gnl4OD9tm0S7bI1izxJmQYmXvMcNTtW1+uZ2YJCGNgHCsVMuxBXgplsAIp8OCmygqMOnjLm1pGuGQKi8dxRhaB1rpWEEs9YvAGqm/N1IcKjUIfT2Z3aimvUz8z2slEJx5KYtEAjQi44+ChFs6dtaJ1WGSEuADTTCRTN9qkR6WmIBurqBLcKYjz5L6Udk5Lp9c6zbO0Rh5tIP2UQk56BRV0BWqohoi6B49o1f0ZjwYL8a78TEezRmTnW30B8bnD7WKnQI=</latexit>

= Eq


log

q(✓)

e�`(✓)

�

<latexit sha1_base64="FvcR0kmhjMsv3hmAw8M68/JRImw="></latexit>

=) q⇤(✓) / e�`(✓)
<latexit sha1_base64="9QVEJjpmmuYsVzcZYxc+FKSgbi8=">AAACGHicbVDJSgNBFOxxjXGLehSkMQhRMM4ooicJePEYwSyQiaGn82Ka9Cx2vxHCkM/wYH7FiwdFvObm39hZBI0WNBRV7/G6youk0Gjbn9bM7Nz8wmJqKb28srq2ntnYLOswVhxKPJShqnpMgxQBlFCghGqkgPmehIrXuRz6lQdQWoTBDXYjqPvsLhAtwRkaqZE5coVv7oCm942DnIttQLZP3UiFEYYUbpND6oKU306vkcnaeXsE+pc4E5It7DwN0S82MgO3GfLYhwC5ZFrXHDvCesIUCi6hl3ZjDRHjHXYHNUMD5oOuJ6NgPbpnlCZthcq8AOlI/bmRMF/rru+ZSZ9hW097Q/E/rxZj67yeiCCKEQI+PtSKJTWZhy3RplDAUXYNYVwJ81fK20wxjqbLtCnBmY78l5SP885J/vTatHFBxkiRbbJLcsQhZ6RArkiRlAgnj+SZvJI3q2+9WO/Wx3h0xprsbJFfsAZfp/+jRQ==</latexit>

= Eq[`(✓)] + Eq[log q(✓)]
<latexit sha1_base64="nGHnouPlQ2mS+b44P4NikyDcx+k="></latexit>

See Appendix A in Khan and Rue, 2021
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1. Zellner, A. "Optimal information processing and Bayes's theorem." The American Statistician (1988)
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<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>

min
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<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs
Generalized-Posterior 

approximation

Entropy

See Section 1.2, Eq 2 in Khan and Rue, 2021
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1. Zellner, A. "Optimal information processing and Bayes's theorem." The American Statistician (1988)
2. Huszar’s blog, Evolution Strategies, Variational Optimisation and Natural ES (2017)
3. Khan et al. "Variational adaptive-Newton method for explorative learning." arXiv (2017).
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<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>
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q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs Entropy
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See Section 1.2, Eq 2 in Khan and Rue, 2021
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min
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See Section 1.2, Eq 2 in Khan and Rue, 2021
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See Section 1.2, Eq 2 in Khan and Rue, 2021
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Common in
• Search
• Inference
• (Global) optimization
• Online learning
• Reinforcement 

learning

See Section 1.2, Eq 2 in Khan and Rue, 2021
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Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

See Section 1.2 in Khan and Rue, 2021
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Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

See Section 1.2 in Khan and Rue, 2021



Exponential Family Approximations

27

Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

/ exp


(Sm)>✓ +Tr

✓
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2
✓✓>

◆�

<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>

See Section 1.2 in Khan and Rue, 2021
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Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

µ := Eq[T (✓)]
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N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>
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✓
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<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>

See Section 1.2 in Khan and Rue, 2021
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Expectation 
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parameters
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Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

Gaussian distribution q(✓) := N (✓|m,S�1)
<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

Expectation parameters 
Natural parameters � := {Sm,�S/2}

<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

µ := Eq[T (✓)]
<latexit sha1_base64="LPBDEixPJmnwey2trRKnRMoK/Bk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLR4MQm7CriCIogSBYRsgLskuYnUySIbMPZ+4qYUlhYaO1X2FjoYitn2Dn3zh5FJp44MLhnHu59x43FFyBaX4biZnZufmF5GJqaXlldS29vlFRQSQpK9NABLLmEsUE91kZOAhWCyUjnitY1e0WBn71hknFA78EvZA5Hmn7vMUpAS010tu2F+HTM2x7BDquG1/0G9d1XMra0GFA9p1GOmPmzCHwNLHGJJPfuRWPhae7YiP9ZTcDGnnMByqIUnXLDMGJiQROBeun7EixkNAuabO6pj7xmHLi4SN9vKeVJm4FUpcPeKj+noiJp1TPc3Xn4F416Q3E/7x6BK0TJ+Z+GAHz6WhRKxIYAjxIBTe5ZBRETxNCJde3YtohklDQ2aV0CNbky9OkcpCzDnNHVzqNczRCEm2hXZRFFjpGeXSJiqiMKLpHz+gVvRkPxovxbnyMWhPGeGYT/YHx+QMhgpvD</latexit>

N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

/ exp


(Sm)>✓ +Tr

✓
�S

2
✓✓>

◆�

<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>

See Section 1.2 in Khan and Rue, 2021



Solutions of Bayes Objective

28

See Eq. 5 and the discussion afterward, in Khan and Rue, 2021

∇μH(q*) = ∇μ𝔼q*
[ℓ(θ)]

Entropy

Optimal approx

A fundamental equation
Natural gradient
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∇μH(q*) = ∇μ𝔼q*
[ℓ(θ)]

Entropy

Optimal approx

A fundamental equation
Natural gradient

For minimal Exp-Family −λ* = ∇μ𝔼q*
[ℓ(θ)]

Information matching due to the entropy term
1. Natural gradients contain essential higher-order 

information about the loss landscape
2. These are assigned to appropriate natural params



Solutions of Bayes Objective

28

See Eq. 5 and the discussion afterward, in Khan and Rue, 2021

∇μH(q*) = ∇μ𝔼q*
[ℓ(θ)]

Entropy

Optimal approx

A fundamental equation

The importance of this equation is “entirely missed in 
the Bayesian machine-learning community, including 
books, reviews, and tutorial on this topic”

Natural gradient

For minimal Exp-Family −λ* = ∇μ𝔼q*
[ℓ(θ)]

Information matching due to the entropy term
1. Natural gradients contain essential higher-order 

information about the loss landscape
2. These are assigned to appropriate natural params



A simple example

29

Based on Sec 1.3.3 in Khan and Rue, 2021



Bayesian Learning Rule

Unify, generalize, and improve 
machine-learning algorithms

30

∇μH(q*) = ∇μ𝔼q*
[ℓ(θ)]



Bayesian Learning Rule

31

Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Deep Learning algo: ✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

min
✓

`(✓)
<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs
Exponential-family Approx.

See Section 1.2 and 2 in Khan and Rue, 2021



Bayesian Learning Rule

31

Bayes learning rule:

Natural and Expectation parameters of an 
exponential family distribution q

(natural-gradient descent & mirror descent)

Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Deep Learning algo: ✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

min
✓

`(✓)
<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

Exponential-family Approx.

Natural Gradient

See Section 1.2 and 2 in Khan and Rue, 2021



Bayesian Learning Rule

31

Bayes learning rule:

Natural and Expectation parameters of an 
exponential family distribution q

(natural-gradient descent & mirror descent)

Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Deep Learning algo: ✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

min
✓

`(✓)
<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

Exponential-family Approx.

Natural Gradient

By changing Q, we can recover DL algorithms (and more)

See Section 1.2 and 2 in Khan and Rue, 2021



Deriving Learning-Algorithms from 
the Bayesian Learning Rule

Posterior Approximation   Learning-Algorithm⟷

32

Complex Simple

See Section 1.3 and 3.2 in Khan and Rue, 2021
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Deriving Learning-Algorithms from 
the Bayesian Learning Rule

Posterior Approximation   Learning-Algorithm⟷

32

Complex Simple

Gradient
DescentNewton

See Section 1.3 and 3.2 in Khan and Rue, 2021
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Deriving Learning-Algorithms from 
the Bayesian Learning Rule

Posterior Approximation   Learning-Algorithm⟷

32

Complex Simple

Gradient
DescentNewton

See Section 1.3 and 3.2 in Khan and Rue, 2021



Deriving Learning-Algorithms from 
the Bayesian Learning Rule

Posterior Approximation   Learning-Algorithm⟷

32

Complex Simple

Gradient
DescentNewtonMixture 

of Newton

See Section 1.3 and 3.2 in Khan and Rue, 2021



Deriving Learning-Algorithms from 
the Bayesian Learning Rule

Posterior Approximation   Learning-Algorithm⟷

32

Complex Simple

Bayes’ rule 
Gradient
DescentNewtonMixture 

of Newton

See Section 1.3 and 3.2 in Khan and Rue, 2021



Gradient Descent from Bayes

33

Gradient descent: ✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

See Section 1.3.1 in Khan and Rue, 2021



Gradient Descent from Bayes

33

Derived by choosing Gaussian with fixed covariance

Gradient descent:

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
<latexit sha1_base64="TeFJTJQysL/svzgL44d23d+iA7k=">AAACB3icbVC7SgNBFJ2NrxhfqxYWggwGYdPE3YhEBCFgkzKCeUB2CbOT2WTI7MOZWSEs6Wys/A8bC0Vs9RPs/BFrZ5MUmnjgwuGce7n3HjdiVEjT/NIyC4tLyyvZ1dza+sbmlr690xBhzDGp45CFvOUiQRgNSF1SyUgr4gT5LiNNd3CZ+s1bwgUNg2s5jIjjo15APYqRVFJHP7B9JPsYsaQ6Mm4K8PwC2izsGSU7ooXjUkfPm0VzDDhPrCnJV/bijwfb+K519E+7G+LYJ4HEDAnRtsxIOgnikmJGRjk7FiRCeIB6pK1ogHwinGT8xwgeKaULvZCrCiQcq78nEuQLMfRd1ZleLWa9VPzPa8fSO3MSGkSxJAGeLPJiBmUI01Bgl3KCJRsqgjCn6laI+4gjLFV0ORWCNfvyPGmUitZJ8fRKpVEGE2TBPjgEBrBAGVRAFdRAHWBwBx7BM3jR7rUn7VV7m7RmtOnMLvgD7f0H5ASbDA==</latexit>

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

See Section 1.3.1 in Khan and Rue, 2021



Gradient Descent from Bayes

33

Derived by choosing Gaussian with fixed covariance
� �� ⇢rµ (Eq[`(✓)]�H(q))

<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

Gradient descent:

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
<latexit sha1_base64="TeFJTJQysL/svzgL44d23d+iA7k=">AAACB3icbVC7SgNBFJ2NrxhfqxYWggwGYdPE3YhEBCFgkzKCeUB2CbOT2WTI7MOZWSEs6Wys/A8bC0Vs9RPs/BFrZ5MUmnjgwuGce7n3HjdiVEjT/NIyC4tLyyvZ1dza+sbmlr690xBhzDGp45CFvOUiQRgNSF1SyUgr4gT5LiNNd3CZ+s1bwgUNg2s5jIjjo15APYqRVFJHP7B9JPsYsaQ6Mm4K8PwC2izsGSU7ooXjUkfPm0VzDDhPrCnJV/bijwfb+K519E+7G+LYJ4HEDAnRtsxIOgnikmJGRjk7FiRCeIB6pK1ogHwinGT8xwgeKaULvZCrCiQcq78nEuQLMfRd1ZleLWa9VPzPa8fSO3MSGkSxJAGeLPJiBmUI01Bgl3KCJRsqgjCn6laI+4gjLFV0ORWCNfvyPGmUitZJ8fRKpVEGE2TBPjgEBrBAGVRAFdRAHWBwBx7BM3jR7rUn7VV7m7RmtOnMLvgD7f0H5ASbDA==</latexit>

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

See Section 1.3.1 in Khan and Rue, 2021



Gradient Descent from Bayes

33

Derived by choosing Gaussian with fixed covariance
� �� ⇢rµ (Eq[`(✓)]�H(q))

<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

m m� ⇢rmEq[`(✓)]
<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

Gradient descent:

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
<latexit sha1_base64="TeFJTJQysL/svzgL44d23d+iA7k=">AAACB3icbVC7SgNBFJ2NrxhfqxYWggwGYdPE3YhEBCFgkzKCeUB2CbOT2WTI7MOZWSEs6Wys/A8bC0Vs9RPs/BFrZ5MUmnjgwuGce7n3HjdiVEjT/NIyC4tLyyvZ1dza+sbmlr690xBhzDGp45CFvOUiQRgNSF1SyUgr4gT5LiNNd3CZ+s1bwgUNg2s5jIjjo15APYqRVFJHP7B9JPsYsaQ6Mm4K8PwC2izsGSU7ooXjUkfPm0VzDDhPrCnJV/bijwfb+K519E+7G+LYJ4HEDAnRtsxIOgnikmJGRjk7FiRCeIB6pK1ogHwinGT8xwgeKaULvZCrCiQcq78nEuQLMfRd1ZleLWa9VPzPa8fSO3MSGkSxJAGeLPJiBmUI01Bgl3KCJRsqgjCn6laI+4gjLFV0ORWCNfvyPGmUitZJ8fRKpVEGE2TBPjgEBrBAGVRAFdRAHWBwBx7BM3jR7rUn7VV7m7RmtOnMLvgD7f0H5ASbDA==</latexit>

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

See Section 1.3.1 in Khan and Rue, 2021
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Derived by choosing Gaussian with fixed covariance
� �� ⇢rµ (Eq[`(✓)]�H(q))

<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

m m� ⇢rmEq[`(✓)]
<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

Gradient descent:

Eq[`(✓)] ⇡ `(m)
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“Global” to “local” 
(the delta method)

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
<latexit sha1_base64="TeFJTJQysL/svzgL44d23d+iA7k=">AAACB3icbVC7SgNBFJ2NrxhfqxYWggwGYdPE3YhEBCFgkzKCeUB2CbOT2WTI7MOZWSEs6Wys/A8bC0Vs9RPs/BFrZ5MUmnjgwuGce7n3HjdiVEjT/NIyC4tLyyvZ1dza+sbmlr690xBhzDGp45CFvOUiQRgNSF1SyUgr4gT5LiNNd3CZ+s1bwgUNg2s5jIjjo15APYqRVFJHP7B9JPsYsaQ6Mm4K8PwC2izsGSU7ooXjUkfPm0VzDDhPrCnJV/bijwfb+K519E+7G+LYJ4HEDAnRtsxIOgnikmJGRjk7FiRCeIB6pK1ogHwinGT8xwgeKaULvZCrCiQcq78nEuQLMfRd1ZleLWa9VPzPa8fSO3MSGkSxJAGeLPJiBmUI01Bgl3KCJRsqgjCn6laI+4gjLFV0ORWCNfvyPGmUitZJ8fRKpVEGE2TBPjgEBrBAGVRAFdRAHWBwBx7BM3jR7rUn7VV7m7RmtOnMLvgD7f0H5ASbDA==</latexit>

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

See Section 1.3.1 in Khan and Rue, 2021
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Derived by choosing Gaussian with fixed covariance
� �� ⇢rµ (Eq[`(✓)]�H(q))

<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

m m� ⇢rmEq[`(✓)]
<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

m m� ⇢rm`(m)
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Gradient descent:

Eq[`(✓)] ⇡ `(m)
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“Global” to “local” 
(the delta method)

� := m
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Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
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Entropy

q(✓) := N (m, 1)
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H(q) := log(2⇡)/2
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✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

Bayes Learn Rule:

See Section 1.3.1 in Khan and Rue, 2021
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Bayesian learning rule: � �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

We can compute 
uncertainty using a 
variant of Adam.

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)
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✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

�rµH(q) = �
<latexit sha1_base64="zzQxPR53TnAKbwz7GwCTcLjExB4=">AAACDnicbVA9TwJBEN3DL8Qv1NJmlZBgIbnTGG00JDSUmMhHwhEytyywYW/v3N3TkAuFNY2NP8TGQmNsre38Ny5goeBLNnl5b2Z25nkhZ0rb9peVWFhcWl5JrqbW1jc2t9LbO1UVRJLQCgl4IOseKMqZoBXNNKf1UFLwPU5rXr849mu3VCoWiGs9CGnTh65gHUZAG6mVzh5hV4DHoeX6EXZ90D0CPC4NczeH+AK73IxqQyudsfP2BHieOD8kU9i/46Pi4325lf502wGJfCo04aBUw7FD3YxBakY4HabcSNEQSB+6tGGoAJ+qZjw5Z4izRmnjTiDNExpP1N8dMfhKDXzPVI73VbPeWPzPa0S6c96MmQgjTQWZftSJONYBHmeD20xSovnAECCSmV0x6YEEok2CKROCM3vyPKke552T/OmVSeMSTZFEe+gA5ZCDzlABlVAZVRBBI/SEXtCr9WA9W2/W+7Q0Yf307KI/sD6+AXn3nho=</latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

�rµH(q) = �
<latexit sha1_base64="zzQxPR53TnAKbwz7GwCTcLjExB4=">AAACDnicbVA9TwJBEN3DL8Qv1NJmlZBgIbnTGG00JDSUmMhHwhEytyywYW/v3N3TkAuFNY2NP8TGQmNsre38Ny5goeBLNnl5b2Z25nkhZ0rb9peVWFhcWl5JrqbW1jc2t9LbO1UVRJLQCgl4IOseKMqZoBXNNKf1UFLwPU5rXr849mu3VCoWiGs9CGnTh65gHUZAG6mVzh5hV4DHoeX6EXZ90D0CPC4NczeH+AK73IxqQyudsfP2BHieOD8kU9i/46Pi4325lf502wGJfCo04aBUw7FD3YxBakY4HabcSNEQSB+6tGGoAJ+qZjw5Z4izRmnjTiDNExpP1N8dMfhKDXzPVI73VbPeWPzPa0S6c96MmQgjTQWZftSJONYBHmeD20xSovnAECCSmV0x6YEEok2CKROCM3vyPKke552T/OmVSeMSTZFEe+gA5ZCDzlABlVAZVRBBI/SEXtCr9WA9W2/W+7Q0Yf307KI/sD6+AXn3nho=</latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

� �� ⇢ (rµEq[`(✓)] + �)
<latexit sha1_base64="jKVIoiZqP+0Cz4aycu5oQngzcqI="></latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

� (1� ⇢)�� ⇢rµEq[`(✓)]
<latexit sha1_base64="BkNToCKatl5ZdzOolUcQDn7KoPQ="></latexit>

�rµH(q) = �
<latexit sha1_base64="zzQxPR53TnAKbwz7GwCTcLjExB4=">AAACDnicbVA9TwJBEN3DL8Qv1NJmlZBgIbnTGG00JDSUmMhHwhEytyywYW/v3N3TkAuFNY2NP8TGQmNsre38Ny5goeBLNnl5b2Z25nkhZ0rb9peVWFhcWl5JrqbW1jc2t9LbO1UVRJLQCgl4IOseKMqZoBXNNKf1UFLwPU5rXr849mu3VCoWiGs9CGnTh65gHUZAG6mVzh5hV4DHoeX6EXZ90D0CPC4NczeH+AK73IxqQyudsfP2BHieOD8kU9i/46Pi4325lf502wGJfCo04aBUw7FD3YxBakY4HabcSNEQSB+6tGGoAJ+qZjw5Z4izRmnjTiDNExpP1N8dMfhKDXzPVI73VbPeWPzPa0S6c96MmQgjTQWZftSJONYBHmeD20xSovnAECCSmV0x6YEEok2CKROCM3vyPKke552T/OmVSeMSTZFEe+gA5ZCDzlABlVAZVRBBI/SEXtCr9WA9W2/W+7Q0Yf307KI/sD6+AXn3nho=</latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

� (1� ⇢)�� ⇢rµEq[`(✓)]
<latexit sha1_base64="BkNToCKatl5ZdzOolUcQDn7KoPQ="></latexit>

�rµH(q) = �
<latexit sha1_base64="zzQxPR53TnAKbwz7GwCTcLjExB4=">AAACDnicbVA9TwJBEN3DL8Qv1NJmlZBgIbnTGG00JDSUmMhHwhEytyywYW/v3N3TkAuFNY2NP8TGQmNsre38Ny5goeBLNnl5b2Z25nkhZ0rb9peVWFhcWl5JrqbW1jc2t9LbO1UVRJLQCgl4IOseKMqZoBXNNKf1UFLwPU5rXr849mu3VCoWiGs9CGnTh65gHUZAG6mVzh5hV4DHoeX6EXZ90D0CPC4NczeH+AK73IxqQyudsfP2BHieOD8kU9i/46Pi4325lf502wGJfCo04aBUw7FD3YxBakY4HabcSNEQSB+6tGGoAJ+qZjw5Z4izRmnjTiDNExpP1N8dMfhKDXzPVI73VbPeWPzPa0S6c96MmQgjTQWZftSJONYBHmeD20xSovnAECCSmV0x6YEEok2CKROCM3vyPKke552T/OmVSeMSTZFEe+gA5ZCDzlABlVAZVRBBI/SEXtCr9WA9W2/W+7Q0Yf307KI/sD6+AXn3nho=</latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

Sm (1� ⇢)Sm� ⇢rEq(✓)Eq[`(✓)]
<latexit sha1_base64="L0YxREwgd4xVW52Hx4kXKtg8eag="></latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
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Figure 1: Two examples to illustrate the di↵erence between the solution of the ERM objective (Eq. 1)
vs those of the Bayes objective (Eq. 2). Panel (a): When the minima lies right next to a ‘wall’, the
Bayesian solution shifts away from the wall to avoid large losses under small perturbation, which is due
to the condition Eq. 25. Panel (b): Given a sharp minima vs a flat minima, the Bayesian solution often
prefers the flatter minima, which is again due to the averaging property.

variance. The compute cost is only slightly higher, but it is not an increase in the complexity, rather
due to a di�culty of implementing Eq. 45 in the existing deep-learning software. Khan et al. [2019]
further propose a slightly better (but costlier) approximation based on the FIM the log-likelihood, to
get an algorithm they call the online Generalized Gauss-Newton (OGGN) algorithm. Both OGN and
OGGN algorithms are scalable BLR variants for Laplace’s method in deep learning.

OGN’s uncertainty estimates can be improved by using variational-Bayesian inference. This im-
proves over Laplace’s method by using the stationarity conditions (Eqs. 25 and 26) with an expectation
over q(✓) [Opper and Archambeau, 2009]. The variational solution is slightly di↵erent than Laplace’s
method and is expected to be more robust due to the averaging over q⇤(✓) in Eqs. 25 and 26. Two
such situations are illustrated in Fig. 1, one corresponding to an asymmetric loss where the Bayesian
solution avoids a region with extremely high loss (Fig. 1(a)), and the other one where it seeks a more
stable solution involving a wide and shallow minima compared to a sharp and deep minima (Fig. 1(b)).
Such situations are hypothesised to exist in deep-learning problems [Hochreiter and Schmidhuber, 1997,
1995, Keskar et al., 2016], where a good performance of stochastic optimization methods is attributed
to their ability to find shallow minima [Dziugaite and Roy, 2017]. Similar strategies exist in stochas-
tic search and global optimization literature where a kernel is used to convolve/smooth the objective
function, like in Gaussian homotopy continuation method [Mobahi and Fisher III, 2015], optimization
by smoothing [Leordeanu and Hebert, 2008], graduated optimization method [Hazan et al., 2016], and
evolution strategies [Huning, 1976, Wierstra et al., 2014]. The benefit of the Bayesian approach is that
this kernel corresponds to q(✓) which adapts itself from data and is learned through the BLR.

Variational Bayesian version is obtain by simply removing approximation due to the delta method
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Avoiding large losses

See Section 4.4 in Khan and Rue, 2021
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Figure 1: Two examples to illustrate the di↵erence between the solution of the ERM objective (Eq. 1)
vs those of the Bayes objective (Eq. 2). Panel (a): When the minima lies right next to a ‘wall’, the
Bayesian solution shifts away from the wall to avoid large losses under small perturbation, which is due
to the condition Eq. 25. Panel (b): Given a sharp minima vs a flat minima, the Bayesian solution often
prefers the flatter minima, which is again due to the averaging property.

variance. The compute cost is only slightly higher, but it is not an increase in the complexity, rather
due to a di�culty of implementing Eq. 45 in the existing deep-learning software. Khan et al. [2019]
further propose a slightly better (but costlier) approximation based on the FIM the log-likelihood, to
get an algorithm they call the online Generalized Gauss-Newton (OGGN) algorithm. Both OGN and
OGGN algorithms are scalable BLR variants for Laplace’s method in deep learning.

OGN’s uncertainty estimates can be improved by using variational-Bayesian inference. This im-
proves over Laplace’s method by using the stationarity conditions (Eqs. 25 and 26) with an expectation
over q(✓) [Opper and Archambeau, 2009]. The variational solution is slightly di↵erent than Laplace’s
method and is expected to be more robust due to the averaging over q⇤(✓) in Eqs. 25 and 26. Two
such situations are illustrated in Fig. 1, one corresponding to an asymmetric loss where the Bayesian
solution avoids a region with extremely high loss (Fig. 1(a)), and the other one where it seeks a more
stable solution involving a wide and shallow minima compared to a sharp and deep minima (Fig. 1(b)).
Such situations are hypothesised to exist in deep-learning problems [Hochreiter and Schmidhuber, 1997,
1995, Keskar et al., 2016], where a good performance of stochastic optimization methods is attributed
to their ability to find shallow minima [Dziugaite and Roy, 2017]. Similar strategies exist in stochas-
tic search and global optimization literature where a kernel is used to convolve/smooth the objective
function, like in Gaussian homotopy continuation method [Mobahi and Fisher III, 2015], optimization
by smoothing [Leordeanu and Hebert, 2008], graduated optimization method [Hazan et al., 2016], and
evolution strategies [Huning, 1976, Wierstra et al., 2014]. The benefit of the Bayesian approach is that
this kernel corresponds to q(✓) which adapts itself from data and is learned through the BLR.

Variational Bayesian version is obtain by simply removing approximation due to the delta method
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Figure 1: Two examples to illustrate the di↵erence between the solution of the ERM objective (Eq. 1)
vs those of the Bayes objective (Eq. 2). Panel (a): When the minima lies right next to a ‘wall’, the
Bayesian solution shifts away from the wall to avoid large losses under small perturbation, which is due
to the condition Eq. 25. Panel (b): Given a sharp minima vs a flat minima, the Bayesian solution often
prefers the flatter minima, which is again due to the averaging property.

variance. The compute cost is only slightly higher, but it is not an increase in the complexity, rather
due to a di�culty of implementing Eq. 45 in the existing deep-learning software. Khan et al. [2019]
further propose a slightly better (but costlier) approximation based on the FIM the log-likelihood, to
get an algorithm they call the online Generalized Gauss-Newton (OGGN) algorithm. Both OGN and
OGGN algorithms are scalable BLR variants for Laplace’s method in deep learning.

OGN’s uncertainty estimates can be improved by using variational-Bayesian inference. This im-
proves over Laplace’s method by using the stationarity conditions (Eqs. 25 and 26) with an expectation
over q(✓) [Opper and Archambeau, 2009]. The variational solution is slightly di↵erent than Laplace’s
method and is expected to be more robust due to the averaging over q⇤(✓) in Eqs. 25 and 26. Two
such situations are illustrated in Fig. 1, one corresponding to an asymmetric loss where the Bayesian
solution avoids a region with extremely high loss (Fig. 1(a)), and the other one where it seeks a more
stable solution involving a wide and shallow minima compared to a sharp and deep minima (Fig. 1(b)).
Such situations are hypothesised to exist in deep-learning problems [Hochreiter and Schmidhuber, 1997,
1995, Keskar et al., 2016], where a good performance of stochastic optimization methods is attributed
to their ability to find shallow minima [Dziugaite and Roy, 2017]. Similar strategies exist in stochas-
tic search and global optimization literature where a kernel is used to convolve/smooth the objective
function, like in Gaussian homotopy continuation method [Mobahi and Fisher III, 2015], optimization
by smoothing [Leordeanu and Hebert, 2008], graduated optimization method [Hazan et al., 2016], and
evolution strategies [Huning, 1976, Wierstra et al., 2014]. The benefit of the Bayesian approach is that
this kernel corresponds to q(✓) which adapts itself from data and is learned through the BLR.

Variational Bayesian version is obtain by simply removing approximation due to the delta method
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See Section 4.4 in Khan and Rue, 2021
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(Some) Bayesian Deep Learning 
Methods

• SGD based (MC-dropout [1], SWAG [2], 
Laplace [3])
– Pros: Scales well to large problems
– Cons: Not flexible

• Variational inference methods [4,5]

– Pros: Enable flexible distributions
– Cons: Do not scale to large problems (ImageNet)
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Code available at https://github.com/team-approx-bayes/dl-with-bayesFigure 1: Comparing VOGN [22], a natural-gradient VI method, to Adam and SGD, training ResNet-
18 on ImageNet. The two left plots show that VOGN and Adam have similar convergence behaviour
and achieve similar performance in about the same number of epochs. VOGN achieves 67.38% on
validation compared to 66.39% by Adam and 67.79% by SGD. Run-time of VOGN is 76 seconds per
epoch compared to 44 seconds for Adam and SGD. The rightmost figure shows the calibration curve.
VOGN gives calibrated predictive probabilities (the diagonal represents perfect calibration).

We demonstrate practical training of deep networks by using recently proposed natural-gradient VI38

methods. These methods resemble the Adam optimiser, enabling us to leveraging existing techniques39

for initialisation, momentum, batch normalisation, data augmentation, and distributed training. As a40

result, we obtain similar performance in about the same number of epochs as Adam when training41

many popular deep networks (e.g., LeNet, AlexNet, ResNet) on datasets such as CIFAR-10 and42

ImageNet. See Fig. 1 for Imagenet. The results show that, despite using an approximate posterior, the43

training methods preserve the benefits of Bayesian principles. Compared to standard deep-learning44

methods, the predictive probabilities are well-calibrated and uncertainties on out-of-distribution45

inputs are improved. Our work shows that practical deep learning is possible with Bayesian methods46

and aims to support further research in this area.47

Related work. Previous VI methods, notably by Graves [15] and Blundell et al. [4], require signifi-48

cant implementation and tuning effort to perform well, e.g., on convolution neural networks (CNN).49

Slow convergence is found to be problematic for sequential problems [43]. There appears to be no50

reported results with complex networks on large problems, such as ImageNet. Our work solves these51

issues by borrowing deep-learning techniques and applying them to natural-gradient VI [22, 51].52

In their paper, Zhang et al. [51] also employed data augmentation and batch normalisation for a53

natural-gradient method called Noisy K-FAC (see Appendix A) and showed results on VGG on54

CIFAR-10. However, a mean-field method called noisy Adam was found to be unstable with batch55

normalisation. In contrast, we show that a similar method, called Variatonal Online Gauss-Newton56

(VOGN), proposed by Khan et al. [22], works well with such techniques. We show results for57

distributed training with noisy K-FAC on Imagenet, but do not provide extensive comparisons. Many58

of our techniques can be used to speed-up noisy K-FAC too, which is promising.59

Many other approaches have recently been proposed to compute posterior approximations by training60

deterministic networks [44, 36, 37]. Similarly to MC-dropout, the posterior approximation is not61

flexible and it is difficult to improve the accuracy of the posterior approximations. On the other hand,62

VI offers a much more flexible alternative to apply Bayesian principles to deep learning.63

2 Deep Learning with Bayesian Principles and Its Challenges64

The success of deep learning is partly due to the availability of scalable and practical methods for65

training deep neural networks (DNNs). Network training is formulated as an optimisation problem66

where a loss between the data and the DNN’s predictions is minimised. For example, in a supervised67

learning task with a dataset D of N inputs xi and corresponding outputs yi of length K, we minimise68

a loss of the following form: ¯̀(w) + �w
>
w, where ¯̀(w) := 1

N

P
i `(yi, fw(xi)), fw(x) 2 RK

69

denotes the DNN outputs with weights w, `(y, ŷ) denotes a differentiable loss function between an70
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Figure 5: Histograms of predictive entropy for out-of-distribution tests for ResNet-18 trained on
CIFAR-10. Going from left to right, the inputs are: the in-distribution dataset (CIFAR-10), followed
by out-of-distribution data: SVHN, LSUN (crop), LSUN (resize). Also shown are the AUROC metric
(higher is better) and FPR at 95% TPR metric (lower is better), averaged over 3 runs. We clearly see
that VOGN’s predicitive entropy is generally low for in-distribution and high for out-of-distribution
data, but this is not the case for other methods. Solid vertical lines indicate the mean predictive
entropies. The standard deviations are small and so not reported.

are obtained using the point estimate of the weights. We compare the probabilities using the240

following metrics: validation negative log-likelihood (NLL), area under ROC (AUROC) and expected241

calibration curves (ECE) [39, 16]. For the first and third metric, a lower number is better, while for242

the second, a higher number is better. See Appendix G for an explanation of these metrics. Results243

are summarised in Table 1. VOGN shows competitive performance in most cases. For AUROC, on244

all but one CIFAR-10 experiment (AlexNet without DA), VOGN performs the best or at least it is245

among the best. Adam performs the worst, but is surprisingly good for CIFAR-10/ResNet-18. We246

also show calibration curves [7] in Figure 1 and Appendix H. Across all datasets and architectures,247

with the exception of LeNet-5, VOGN usually has better calibration curves and better ECE than248

competing approaches. Adam is consistently over-confident, with its calibration curve below the249

diagonal. Conversely, MC-dropout is usually under-confident. On ImageNet however, MC-dropout250

performs well, but it takes an excessively tuned dropout rate to achieve this.251

Our final result is to compare performance on out-of-distribution datasets. When testing on datasets252

that are different from the training datasets, predictions should become more uncertain. We use253

experimental protocol from the literature [17, 31, 8, 32] to compare VOGN, Adam and MC-dropout254

on CIFAR-10. We also borrow metrics from other works [17, 30] and show predictive entropy255

histograms and also report AUROC and FPR at 95% TPR. Ideally, we would want the entropy to be256

high on out-of-distribution data and low on in-distribution data. Please see Appendix I for further257

details on the datasets and metrics. Our results are summarised in Figure 5 and Appendix I. On258

ResNet-18 and AlexNet, VOGN performs better or as well as both Adam and MC-dropout. VOGN’s259

predictive entropy histograms show the desired behaviour: a spread of entropies for the in-distribution260

data, and high entropies for out-of-distribution data. VOGN has correspondingly better metrics261

(AUROC and FPR at 95% TPR). However, on LeNet-5, we observe the same result as before: Adam262

and MC-dropout both perform well. Additionally, MC-dropout’s predictive entropies are generally263

high (particularly in-distribution), indicating MC-dropout has too much noise.264

5 Conclusions265

We successfully train deep networks with a natural-gradient variational inference method, VOGN,266

on a variety of architectures and datasets, even scaling up to ImageNet. This is made possible due267

to similarity of VOGN to Adam, enabling us to boost performance by borrowing deep-learning268

techniques. Our test accuracies and convergence rates are comparable to SGD and Adam. Unlike269

them, however, VOGN retains the benefits of Bayesian principles, with well-calibrated uncertainty270

and good performance on out-of-distribution data. Better uncertainty estimates open up a whole range271

of potential future experiments, for example, small data experiments, active learning, adversarial272

experiments, and sequential decision making or continual learning. Another potential avenue for273

research is to consider structured covariance approximations.274
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Figure 5: Histograms of predictive entropy for out-of-distribution tests for ResNet-18 trained on
CIFAR-10. Going from left to right, the inputs are: the in-distribution dataset (CIFAR-10), followed
by out-of-distribution data: SVHN, LSUN (crop), LSUN (resize). Also shown are the AUROC metric
(higher is better) and FPR at 95% TPR metric (lower is better), averaged over 3 runs. We clearly see
that VOGN’s predicitive entropy is generally low for in-distribution and high for out-of-distribution
data, but this is not the case for other methods. Solid vertical lines indicate the mean predictive
entropies. The standard deviations are small and so not reported.

are obtained using the point estimate of the weights. We compare the probabilities using the240

following metrics: validation negative log-likelihood (NLL), area under ROC (AUROC) and expected241

calibration curves (ECE) [39, 16]. For the first and third metric, a lower number is better, while for242

the second, a higher number is better. See Appendix G for an explanation of these metrics. Results243

are summarised in Table 1. VOGN shows competitive performance in most cases. For AUROC, on244

all but one CIFAR-10 experiment (AlexNet without DA), VOGN performs the best or at least it is245

among the best. Adam performs the worst, but is surprisingly good for CIFAR-10/ResNet-18. We246

also show calibration curves [7] in Figure 1 and Appendix H. Across all datasets and architectures,247

with the exception of LeNet-5, VOGN usually has better calibration curves and better ECE than248

competing approaches. Adam is consistently over-confident, with its calibration curve below the249

diagonal. Conversely, MC-dropout is usually under-confident. On ImageNet however, MC-dropout250

performs well, but it takes an excessively tuned dropout rate to achieve this.251

Our final result is to compare performance on out-of-distribution datasets. When testing on datasets252

that are different from the training datasets, predictions should become more uncertain. We use253

experimental protocol from the literature [17, 31, 8, 32] to compare VOGN, Adam and MC-dropout254

on CIFAR-10. We also borrow metrics from other works [17, 30] and show predictive entropy255

histograms and also report AUROC and FPR at 95% TPR. Ideally, we would want the entropy to be256

high on out-of-distribution data and low on in-distribution data. Please see Appendix I for further257

details on the datasets and metrics. Our results are summarised in Figure 5 and Appendix I. On258

ResNet-18 and AlexNet, VOGN performs better or as well as both Adam and MC-dropout. VOGN’s259

predictive entropy histograms show the desired behaviour: a spread of entropies for the in-distribution260

data, and high entropies for out-of-distribution data. VOGN has correspondingly better metrics261

(AUROC and FPR at 95% TPR). However, on LeNet-5, we observe the same result as before: Adam262

and MC-dropout both perform well. Additionally, MC-dropout’s predictive entropies are generally263

high (particularly in-distribution), indicating MC-dropout has too much noise.264

5 Conclusions265

We successfully train deep networks with a natural-gradient variational inference method, VOGN,266

on a variety of architectures and datasets, even scaling up to ImageNet. This is made possible due267

to similarity of VOGN to Adam, enabling us to boost performance by borrowing deep-learning268

techniques. Our test accuracies and convergence rates are comparable to SGD and Adam. Unlike269

them, however, VOGN retains the benefits of Bayesian principles, with well-calibrated uncertainty270

and good performance on out-of-distribution data. Better uncertainty estimates open up a whole range271

of potential future experiments, for example, small data experiments, active learning, adversarial272

experiments, and sequential decision making or continual learning. Another potential avenue for273

research is to consider structured covariance approximations.274

8
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The trick is to mimic Adam’s trajectory 
as closely as possible

Sec 3, last paragraph in Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).



NeurIPS 2019 
Tutorial

45



Past and New Work

• Natural Gradient Variational Inference
1. Khan and Lin. "Conjugate-computation variational inference: 

Converting variational inference in non-conjugate models to 
inferences in conjugate models.” AIstats (2017).

2. Khan and Nielsen. "Fast yet simple natural-gradient descent for 
variational inference in complex models." (2018) ISITA.

• Mixture of Exponential family
3. Lin et al. "Fast and Simple Natural-Gradient Variational Inference with 

Mixture of Exponential-family Approximations,” ICML (2019).

• Generalization of natural gradients
4. Lin et al. “Handling the Positive-Definite Constraint in the Bayesian 

Learning Rule”, ICML (2020)
5. Lin et al. “Tractable structured natural gradient descent using local 

parameterizations”, ICML, (2021)

• Gaussian approx <=> Newton-variants
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Gaussian Approximation and DL
1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in 

Adam." ICML (2018).
2. Mishkin et al. “SLANG: Fast Structured Covariance Approximations for Bayesian Deep 

Learning with Natural Gradient” NeurIPS (2018).
3. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
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• Binary Neural Networks (Bernoulli approx)
1. Meng, et al. "Training Binary Neural Networks using the Bayesian Learning 

Rule." ICML (2020).

• Gaussian Process
2. Chang et al. “Fast Variational Learning in State-Space GP Models”, MLSP (2020)

– For sparse GPs, BLR is a generalization of [1]
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How to design AI that learn like us?

• Uncertainty -> Learning -> Knowledge
• Three questions

– Q1: What do we know? (model)
– Q2: What do we not know? (uncertainty)
– Q3: What do we need to know? (action & exploration)

• Posterior approximation is the key
– (Q1) Models == representation of the world
– (Q2) Posterior approximations == representation of the model
– (Q3) Use posterior approximations for knowledge 

representation, transfer, and collection.
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This is known as Variational Inference, but along 
with the Bayesian learning rule, it enables us to 
derive many more algorithms (including Bayes’ 
rule). So this is not just a method, but a principle.
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Ex: Linear model, Kalman filters, HMM, etc.

Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).
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The following algorithms can be obtained by 
setting 
• Forward-backward algorithm [2]
– Kalman filters, HMM etc.

• Stochastic Variational Inference [3]
• Variational message passing [4]
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Derived by choosing a multivariate Gaussian, then 
running the following Newton’s update

Hessian at m
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Derived by choosing a multivariate Gaussian, then 
running the following Newton’s update

Bayesian principles we discussed are general 
principles to derive learning algorithms

Calling them variational inference limits their scope!
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Black-box VI is more generally applicable (beyond 
exponential-family), but we cannot derive learning-
algorithms from it (even for conjugate Bayesian 
models)
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Also equivalent to a mirror-descent algorithm.The 
Geometry of the mirror-descent is defined by the 
log partition function of the posterior approximation.
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