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Human Learning at 
the age of 6 months.
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Converged at the 
age of 12 months
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Transfer 
skills

at the age 
of 14 

months



Fail because too slow to adapt

5h"ps://www.youtube.com/watch?v=TxobtWAFh8o The video is from 2017

https://www.youtube.com/watch?v=TxobtWAFh8o


Fail because too quick to adapt

6h"ps://www.abc.net.au/news/2016-03-25/microsoI-created-ai-bot-becomes-racist/7276266



Adaptation in Machine Learning

• Even a small change may need retraining
• Huge amount of resources are required only 

few can afford (costly & unsustainable) [1,2, 3]
• Difficult to apply in “dynamic” settings (robotics, 

medicine, epidemiology, climate science, etc.)
• Our goal is to solve such challenges
• Also to reduce “magic” in deep learning
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1. Diethe et al. Continual learning in practice, arXiv, 2019.
2. Paleyes et al. Challenges in deploying machine learning: a survey of case studies, arXiv, 2021.
3. https://www.youtube.com/watch?v=hx7BXih7zx8&t=897s

https://www.youtube.com/watch?v=hx7BXih7zx8&t=897s


Towards Quick Adaptation 
• Better uncertainty [1-4]
– Bayesian Learning rule (BLR) 

• Better regularization [5-7]
– Knowledge-Adaptation Priors (K-priors)

• Better memory [8]
– Memory Perturbation Equation (MPE)
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1. Khan and Rue, The Bayesian Learning Rule, JMLR (2023).
2. Khan, et al. Fast and scalable Bayesian deep learning by weight-perturbation in Adam, ICML (2018).
3. Osawa et al. Practical Deep Learning with Bayesian Principles, NeurIPS (2019).
4. Lin et al. Handling the positive-definite constraints in the BLR, ICML (2020).
5. Khan and Swaroop. Knowledge-Adaptation Priors, NeurIPS (2021)
6. Pan et al. Continual deep learning by functional regularisation of memorable past, NeurIPS (2020)
7. Daxberger et al. Improving CL by Accurate Gradient Reconstruction of the Past, TMLR (2023).
8. Nickl, Xu, Tailor, Moellenhoff, Khan, The memory-perturbation equation, NeurIPS (2023)



Example: Continual Learning
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Update Deep  
Network Select a random  

subset of images

Observe 
categories

Dog vs. Cat Lion vs. Tiger 

Update 
Deep  

Network 

Observe 
categories

Update 
Deep  

Network 

Standard 
Deep 
Learning

Continual Learning: past classes never revisited

Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." Proceedings of the 
national academy of sciences 114.13 (2017): 3521-3526.

Standard training leads to catastrophic forgetting.



Bayesian Learning Rule

Better Uncertainty
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Weight Regularization
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1. Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." PNAS 2017
2. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam.” ICML (2018).
3. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
4. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).

Standard way to is to add a weight-regularizer [1]
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Weight uncertainty

Straightforward improvement in weight-uncertainty 
is to use variational inference [2-4]



Practical Deep Learning with Bayes
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RMSprop

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).

   Bayesian Learning Rule [3]
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A reliable estimate of Fisher/Hessian/variance

Costs are exactly the 
same, but the variance 
quality is much better!!



Improvements over EWC
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1. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
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Bayesian learning rule (BLR)
Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)

6

See Table 1 in 
Khan and Rue, 2021

All sorts of 
algorithms can be 
derived by using two 
sets of 
approximations.

By relaxing the 
approximations, we 
get an improvement, 
for example, 
uncertainty aware 
deep learning 
optimizers

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021
2. Khan and Lin. "Conjugate-computation variational inference….” AIstats (2017). 



Knowledge-Adaptation Prior

Better Regularization
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Function Regularization of 
Memorable Examples [2]
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Task 1

Task 2
Task 3

1. Khan et al. Approximate Inference Turns Deep Networks into Gaussian Process, NeurIPS, 2019 
2. Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS, 2020

Class 0

Class 1
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FROMP

Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS 2020



Functional Regularization of 
Memorable Past (FROMP)
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1. Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." PNAS 2017
2. Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS, 2020

PredictionsUncertainty
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Weight-regularizer (EWC) [1]
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Weight uncertainty

Why does this work?
It is a way to replay past gradients



Easy to see in Linear Regression
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arg min
θ

∥θ∥2 + ∥y − Xθ∥2 Fold = I + X⊤X

In linear regression, they are equivalent and are all 
ways to reconstruct the old problem (or its gradients)

(θ − θold)⊤Fold(θ − θold)
Entirely in weight-space (EWC) [1]

= (Xθ − Xθold)⊤K−1(Xθ − Xθold)
Entirely in function-space (FROMP) [2]

Knowledge-adaptation prior [3]
Function-spaceWeight-space

= ∥θ − θold∥2 + ∥Xθ − Xθold∥2

= (θ − θold)⊤(I + X⊤X)(θ − θold)

1. Kirkpatrick, James, et al. "Overcoming catastrophic forgetting in neural networks." PNAS 2017
2. Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS, 2020
3. Khan and Swaroop. Knowledge-Adaptation Priors, NeurIPS, 2021

Function-spaceWeight-space

= ∥θ∥2 + ∥y − Xθ∥2 + const.



Knowledge-Adaptation Priors
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Combine weight and function-space divergences

K-prior is a way to 
replay past gradients

Function-spaceWeight-space

Candidate
 model
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Intuition behind functional 
regularization

21

Binary 
classification with 
Logistic regression

Each task N=500, 
each class 250 
examples.

New data



Intuition behind functional 
regularization

22

K-prior

Binary 
classification with 
Logistic regression

Each task N=500, 
each class 250 
examples.

New data



A General Principle of Adaptation
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Reconstruct past gradients

1. Khan and Swaroop. Knowledge-Adaptation Priors, NeurIPS, 2021 (https://arxiv.org/abs/2106.08769)

https://arxiv.org/abs/2106.08769


How to combine EWC + FR + Replay

24

Daxberger Swaroop Osawa Yokota Turner Hernández-Lobato Khan

EWC

Previous Methods Our Method
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Figure 2: Using the principle of gradient reconstructions, we design a new prior (right)
to combine di↵erent types of regularization and memory-based methods. EWC
uses a quadratic regularizer based on the old weight-vector and its importance,
while experience replay uses a memory of past examples along with their labels.
Function regularization often does not require the labels, but also lacks a weight
regularizer. Our method combines these di↵erent types of methods. The notable
di↵erences are that our method’s importance vector excludes the examples in the
memory set, and that experience replay is applied only to the second memory
set. The rest of the examples in the memory set do not require labels, and can
be compressed to only keep a small set of representative inputs that may not be
part of the old training sets.

Appendix A. Illustrative Diagram

Fig. 2 illustrates our proposed approach.

Appendix B. Definition of the Generalized Gauss-Newton matrix

The simplest choice of the weight-importance matrix Ft�1 in EWC is to use the diagonal
of a generalized Gauss-Newton (GGN) matrix (Martens, 2014), where the GGN is defined
as,

G(D1:t) :=
X

i2D1:t

⇥
rf

i
wt

⇤
h
0(f i

wt
)
⇥
rf

i
wt

⇤>
, (8)

where rf
i
wt

denotes the derivative of fw(xi) with respect to w at wt (the Jacobian), and
h
0(f i) denotes the derivative of h(f) with respect to f and evaluated at a function value f

i.
Often, the regularizer � is added to the GGN matrix to reduce ill-conditioning. Computation
of Ft�1 can be done in an online fashion as the training proceeds over tasks (Schwarz et al.,
2018).
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Daxberger Swaroop Osawa Yokota Turner Hernández-Lobato Khan
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Function regularization often does not require the labels, but also lacks a weight
regularizer. Our method combines these di↵erent types of methods. The notable
di↵erences are that our method’s importance vector excludes the examples in the
memory set, and that experience replay is applied only to the second memory
set. The rest of the examples in the memory set do not require labels, and can
be compressed to only keep a small set of representative inputs that may not be
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Appendix A. Illustrative Diagram

Fig. 2 illustrates our proposed approach.
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1. Daxberger et al. Improving CL by Accurate Gradient Reconstruction of the Past, TMLR 2023.



Memory-Perturbation 
Equation

Better Memory
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How to Choose Memory?
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Minimize the error in the gradients

Past and future should agree. There are some 
general rules to ensure this, but no magic. In 
general, we must understand sensitivity of the past 
to the (expected) future changes.

Prediction disagreement 
-> prediction error
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Memory Perturbation
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1. Cook. Detection of Influential Observations in Linear Regression. Technometrics. ASA 1977
2. Nickl, Xu, Tailor, Moellenhoff, Khan, The memory-perturbation equation, NeurIPS, 2023

How sensitive is a model to its training data?
Model-deviation ( ) = predictError *predictVarianceΔ

Old model

New model

New data
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(a) FROMP for continual deep learning (b) Most (left) vs least (right) memorable

Figure 1: (a) Our FROMP method consists of three main steps where we convert a DNN to GP using
Khan et al. [16], find memorable examples, and train weights with functional regularisation of those
examples. (b) Memorable past on MNIST – they are difficult to classify and close to the boundary.

To address this issue, we propose a new functional-regularisation method called Functional Regu-
larisation of Memorable Past (FROMP). Our key idea is to regularise the network outputs at a few
memorable past examples that are crucial to avoid forgetting. We use a GP formulation of DNNs to
obtain a weight-training method that exploits correlations among memorable examples in the function
space (see Fig. 1a). FROMP involves a slight modification of Adam and a minor increase in computa-
tion cost. It achieves state-of-the-art performance on standard benchmarks, and is consistently better
than both the existing weight-regularisation and functional-regularisation methods. Our work in this
paper focuses on avoiding forgetting, but it also opens a new direction for life-long learning methods
where regularisation methods are naturally combined with memory-based methods.1

1.1 Related Works

Broadly, existing work on continual learning can be split into three types of approaches: inference-
based, memory/rehearsal-based, and model-based. There have also been hybrid approaches attempting
to combine them. Inference-based approaches have mostly focused on weight regularisation [2, 9,
12, 18, 22, 37], with some recent efforts on functional regularisation [5, 19, 34]. Our work falls
in the latter category, but also imposes functional constraints at datapoints, thereby connecting to
memory-based approaches.

Our goal is to consistently outperform weight-regularisation which can be inadequate and brittle
for continual deep learning (see Fig. 6 and App. G for an example). The proposed method further
addresses many issues with existing functional-regularisation methods [5, 34]. Arguably the work
most closely related to ours is the GP-based method of Titsias et al. [34], but there are several key
differences. First, our kernel uses all the network weights (they use just the last layer) which is
important, especially in the early stages of learning when all the weights are changing. Second, our
functional prior regularises the mean to be close to the past mean, which is lacking in the regulariser
of Titsias et al. [34] (see the discussion after Eq. 7). Third, our memorable past examples play a
similar role as the inducing inputs, but are much cheaper to obtain (Titsias et al. [34] requires solving
a discrete optimisation problem), and have an intuitive interpretation (see Fig. 1b). Due to these
differences, our method outperforms the method of Titsias et al. [34], which, unlike ours, performs
worse than the weight-regularisation method of Swaroop et al. [33]. We also obtain state-of-the-art
performance on a larger Split CIFAR benchmark, a comparison missing in Titsias et al. [34]. Our
method is also different to Benjamin et al. [5], which lacks a mechanism to automatically weight past
memory and estimate uncertainty.

Our method is based on a set of memorable past examples. Many such memory-based approaches
exist. These either maintain a memory of past data examples [9, 22, 25] or train generative models
on previous tasks to rehearse pseudo-inputs [30]. Recent work [3, 11] has focused on improving
memory-building methods while combining them with inference-based approaches, building on

1Code for all experiments is available at https://github.com/team-approx-bayes/fromp.
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Understand the memory of a model.
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(a) Effect of removing an example.

(b) Predicting test loss during training, CIFAR10 (c) Predicting test loss for leave-one-class-out, FMNIST

Figure 1: Panel (a) illustrates the effect of removing an example during training and the estimation
of the deviation using the current model. Panel (b) shows a faithful estimation of the test NLL
during training of a ResNet–20 on CIFAR10 using the train-LOO estimate by MPE. Panel (c) shows
a faithful estimate of leave-one-class-out test performance for two models fitted on FMNIST. Each
marker corresponds to a model trained by leaving one class shown with the text. The estimated NLL
by using the MPE on the training data correlates well with the test NLL. Some classes are more
sensitive than others, but the importance of the class is consistent among the two models.

the model’s memory; the model is highly sensitive to them and perturbing them can make the model
forget its essential knowledge. The MPE relates the model’s sensitivity to perturbation in such sen-
sitive examples.

We show several applications of the MPE to understand sensitivity of ML models:

1. The MPE, when specialized to Gaussian posteriors, recovers the influence function used in
linear models [4] and deep learning [20]. Moreover, the MPE also applies more widely to
many algorithms in deep learning, optimization, and Bayesian methods.

2. The MPE for Gaussian posteriors has a useful property: examples with high prediction
error and predictions variances are the most influential and the sensitivity is obtained by
simply multiplying the two quantities.

3. The MPE also has a property regarding computations: sensitivity can estimated cheaply
whenever natural-gradients are cheap to compute. This way, already computed quantities
(e.g., error and variance) can be used and no extra computation is needed.

4. We show that the MPE can be used to accurately estimate generalization performance on
image-classification benchmarks. We use leave-one-out measures on training set to accu-
rately predict the test set performance Figs. 1(b) and 1(c). This agrees with other studies
which show effectiveness of sensitivity based approaches for such tasks [12, 6, 10].

2 Understanding Model’s Sensitivity to Data

Understanding model’s sensitivity to the training data is important but is often done by using a
brute-force way of retraining several models. For example, consider parameter ✓ fitted to data
D = {D1, . . . ,DN} by using a loss `i(✓) for the i’th example and a regularizer R(✓),

✓⇤(D) = argmin
✓

L(✓), where L(✓) =
NX

i=1

`i(✓) +R(✓). (1)

If the data is perturbed, for example, the i’th example is removed giving us the perturbed dataset
D/i = {D1, . . . ,Di�1,Di+1, . . . ,DN}, then we can simply retrain the model to get new ✓⇤(D/i).

2

CIFAR10 on ResNet-20 using iBLR [1]. Adam also works 
but better uncertainty gives better estimates.

1. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).
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(a) MLP on USPS-3vs5, |M| = 16 (b) MLP on MNIST, |M| = 64 (c) Class removal on MNIST

Figure 3: Panel (a) and Panel (b) show that the estimated deviation for removal of groups of examples
correlates well with the true deviations. Each point corresponds to a removed group of examples,
the red points show the second approximation in Eq. 18, while the blue squares show the first one. In
Panel (c) we show the estimated test NLL for one-class-leave-out obtained by using Eq. 21 correlates
well with true change in generalization. The models find some classes more sensitive than others.

(a) MNIST

(b) FMNIST

(c) CIFAR-10

(d) Adam (e) Delta method (diag.)

(f) Delta method (KFAC) (g) iBLR

Figure 4: Panel (a), (b) and (c) show that our method can faithfully estimate the LOO-CV curve for
predicting generalization and tuning of the L2-regularization parameter on MNIST, FMNIST and
CIFAR-10. Panel (d), (e), (f) and (g) show that the Train-LOO estimate with MPE can faithfully
estimate the test NLL during training on FMNIST. From panel (d) to (g) the approximation quality
is increasing.

The match is almost perfect here and we do not see such good correlations in other studies [12, 6, 10]
but our result supports their conclusions that sensitivity based measures can work well to predict
generalization performance. The cost of computing these curves is almost negligible compared to
cross-validation where we have train many more models for each setting of the hyperparameter.

How do sensitivities evolve during training: We use the MPE to analyze the evolution of sen-
sitivities during training. We consider Bayesian logistic regression in Fig. 5(a) and neural network
classification with the iBLR optimizer inFig. 5(b), Fig. 5(c) and Fig. 5(d). We run the BLR iter-
ates of Eq. 11. For Bayesian logistic regression we estimate deviations using Eq. 19 (TODO: we
evaluate expression with �0?) and plot them for various iterations. For iBLR we use Eq. 17 and
plot for several selected epochs. For better visualization, we first sort the examples according to
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Towards Quick Adaptation 
• Better uncertainty [1-4]
– Bayesian Learning rule (BLR) 

• Better regularization [5-7]
– Knowledge-Adaptation Priors (K-priors)

• Better memory [8]
– Memory Perturbation Equation (MPE)
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