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1. Summary at https://emtiyaz.github.io/papers/MLfromBayes.pdf
2. Slides at https://emtiyaz.github.io/

https://emtiyaz.github.io/papers/MLfromBayes.pdf
https://emtiyaz.github.io/


Information Processing 
== Bayes’ Updating
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Human Learning at 
the age of 6 months.
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Converged at the 
age of 12 months
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Transfer 
skills

at the age 
of 14 

months



Failure of AI in “dynamic” setting

6h"ps://www.youtube.com/watch?v=TxobtWAFh8o The video is from 2017

Robots need quick adaptation to be deployed 
(for example, at homes for elderly care)

https://www.youtube.com/watch?v=TxobtWAFh8o


Fixing Machine Learning

• Even a small change may need full retraining
– Huge amount of resources only few can afford 

(costly & unsustainable) [1,2, 3]
– Difficult to apply in “dynamic” settings (robotics, 

epidemiology, climate science etc)
• We need sustainable, transparent, trustworthy AI
– Use reliable building blocks (data, model, metrics) 
– Switch to incremental, continual, lifelong learning

• Bayes a solution to do so!
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1. Diethe et al. Continual learning in practice, arXiv, 2019.
2. Paleyes et al. Challenges in deploying machine learning: a survey of case studies, arXiv, 2021.
3. https://www.youtube.com/watch?v=hx7BXih7zx8&t=897s

https://www.youtube.com/watch?v=hx7BXih7zx8&t=897s


Information Procession 101

1. Think addition of numbers
2. Addition of Vectors [1]
3. Multiplication of Probabilities

81. https://firmfunda.com/maths/vector-algebra/vector-algebra-addition/vector-addition-first-principles

x y

z
x

yz

p(x |y) ∝ p(y |x)p(x)

log p(x |y) = log p(y |x)

+log p(x) + const .



This Talk

• Value of information 
– Good or bad, old or new, here or there
– Bayes’ rule and Posterior uncertainty

• Multiplication through addition
– Exp-family distribution
– Conjugate Bayes

• Information Processing in general
– Projection to exp-family 
– Bayesian Learning Rule and Deep learning
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Bayes’ Rule

The Value of Information and 
Posterior Uncertainty
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Data
Model Params
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Principle of Trial-and-Error
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Frequentist: Empirical Risk Minimization (ERM) or 
Maximum Likelihood Principle, etc.

Deep 
Network

✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

Deep Learning Algorithms:

Scales well to large data and complex model, and 
very good performance in practice.

=
NX

i=1

[yi � f✓(xi)]
2 + �✓T ✓

<latexit sha1_base64="35dHaU37lSqKfw2FE7jmhuPgfPA="></latexit>



Example: Which is a Better Fit?

Red

57%

Fr
eq

ue
nc

y

Magnitude of Earthquake
Real data from Tohoku (Japan). Example taken from Nate Silver’s book “The signal and noise”12

Blue

43%

More data Less data
Red is more 
risky than 
the blue



Value of Information: Uncertainty

13Real data from Tohoku (Japan). Example taken from Nate Silver’s book “The signal and noise”
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A Bayesian Principle
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1. Sample prior✓ ⇠ p(✓)
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p(D|✓) =
NY

i=1

p(yi|f✓(xi))
<latexit sha1_base64="lgQl6uiYKQWRGo5lURHRnLK1F40="></latexit>

2. Score Likelihood

p(✓|D) =
p(D|✓)p(✓)R
p(D|✓)p(✓)d✓

<latexit sha1_base64="yHN3MaBHhvH4Svriv/k7e5689tA="></latexit>

PriorLikelihood xPosterior

3. Normalize
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Now, think about the value of information! 
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Image
Segmentation

Uncertainty
(entropy of
class probs)

(By Roman Bachmann)



Which is a good classifier?
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Which is a good classifier?
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What you don’t know 
now, can hurt you later
“Uncertainty matters”

Misclassified by the red 
line, but not by the blue



Bayesian Principles
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p(✓|D1) =
p(D1|✓)p(✓)R
p(D1|✓)p(✓)d✓

<latexit sha1_base64="DncnTbVeanoBVRLXa1jWS8YCVug="></latexit>

p(D3|✓)p(D2|✓)p(D1|✓)p(✓)
<latexit sha1_base64="Er3weY3F4O2Aq5dcLppF3OP81+o="></latexit> p(✓|D1) =

<latexit sha1_base64="+GIzmnmtUQaXLqxKOt1LiBTgTwk=">AAACA3icbVDLSgNBEJyNrxhfq94UZDAI8RJ2FdGLEtCDxwjmAdllmZ1MkiGzD2Z6hbAGvPgR+gFePCji1Z/w5t84m3jQxIKGoqqb7i4/FlyBZX0ZuZnZufmF/GJhaXlldc1c36irKJGU1WgkItn0iWKCh6wGHARrxpKRwBes4ffPM79xw6TiUXgNg5i5AemGvMMpAS155lZccqDHgNw6AYEeJSK9GHr2Pj7Fnlm0ytYIeJrYP6RY2XnI8Fj1zE+nHdEkYCFQQZRq2VYMbkokcCrYsOAkisWE9kmXtTQNScCUm45+GOI9rbRxJ5K6QsAj9fdESgKlBoGvO7ND1aSXif95rQQ6J27KwzgBFtLxok4iMEQ4CwS3uWQUxEATQiXXt2LaI5JQ0LEVdAj25MvTpH5Qtg/LR1c6jTM0Rh5to11UQjY6RhV0iaqohii6Q0/oBb0a98az8Wa8j1tzxs/MJvoD4+Mb/uua0Q==</latexit>

p(D3|✓)p(D2|✓)p(✓|D1)
<latexit sha1_base64="rDPoMLGueyZxm0Q/LQRAvGpgXWE="></latexit>

p(✓|D2,D1) =
p(D2|✓)p(✓|D1)R
p(D2|✓)p(✓|D1)d✓

<latexit sha1_base64="5IKqIlUc+Wi0J7ui/TYNIYOyjxk="></latexit>

p(✓|D2,D1) =
<latexit sha1_base64="FhI/WGBzg4B+8p/CGzIMDqOWUvA=">AAACEnicbVC7SgNBFJ2Nrxhfq5aCDAYhAQm7EdFGCWhhGcE8IBvC7GSSDJl9MHNXCGu+wcZG/8PGQhFbKzv/xtkkRUw8MHDmnHu59x43FFyBZf0YqYXFpeWV9GpmbX1jc8vc3qmqIJKUVWggAll3iWKC+6wCHASrh5IRzxWs5vYvE792x6TigX8Lg5A1PdL1eYdTAlpqmfkw50CPAbl3PAI9SkR8NWwVj/D0187jc9wys1bBGgHPE3tCsqX9pwTP5Zb57bQDGnnMByqIUg3bCqEZEwmcCjbMOJFiIaF90mUNTX3iMdWMRycN8aFW2rgTSP18wCN1uiMmnlIDz9WVyaJq1kvE/7xGBJ2zZsz9MALm0/GgTiQwBDjJB7e5ZBTEQBNCJde7YtojklDQKWZ0CPbsyfOkWizYx4WTG53GBRojjfbQAcohG52iErpGZVRBFD2gF/SG3o1H49X4MD7HpSlj0rOL/sD4+gXyyaC2</latexit>

(1) Keep your options open

(2) Revise with new evidence

Similar ideas in sequential/online decision-making 
(uncertainty/randomization). Computation is infeasible.
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(By Roman Bachmann)

Bayesian Linear Regression (polynomials of degree 15)



Model Merging
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Figure 1: [Training Dataset] Using the independently learned model for Task 1 (P1(D)), Task 2

(P2(D)) (in blue) using the multi-objective formulation they are merged with ↵1 = 0.585, ↵2 = 0.415

(in red) to create a model that performs well on the joint Task 1 + 2 dataset (P (D)).

Figure 2: [Testing Datasets] The multi-objective formulation allows to adapt the merged model

(in red) by changing ↵1 = 0.595,↵2 = 0.405 to find the right combination, in this case giving

more weight to model 1creates a model closer to one trained from scratch (in black) (P (D) /
P1(D)

↵testP2(D)
(1�↵test) and ↵test 6= ↵train).
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Conjugate Bayes

Multiplication by addition
Exponential-Family distribution
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Exponential Family
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Expectation 
parameters 

Natural 
parameters

Sufficient
Statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

Gaussian distribution q(✓) := N (✓|m,S�1)
<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

Expectation parameters 
Natural parameters � := {Sm,�S/2}
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µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

µ := Eq[T (✓)]
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N (✓|m,S�1) / exp
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(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

/ exp


(Sm)>✓ +Tr

✓
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✓✓>

◆�

<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>

1. Wainwright and Jordan, Graphical Models, Exp Fams, and Variational Inference Graphical models 2008
2. Malago et al., Towards the Geometry of Estimation of Distribution Algos based on Exp-Fam, FOGA, 2011



Bayes and Conjugate Computations [1]
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1. Khan and Lin, Conjugate computation variational inference, AISTATS, 2017. 
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posterior / lik⇥ priorBayes rule:

Multiplication of distribution = addition of (natural) params

<latexit sha1_base64="1iCgJvV81YG7AOljPaALLc+WRVM="></latexit>

�post = �lik + �prior

<latexit sha1_base64="aYxqies8sZhJDuXFT1LZihCQvHA="></latexit>

e�
>
postT (✓) / e�

>
likT (✓) ⇥ e�

>
priorT (✓)

<latexit sha1_base64="tWmmkq0DMSALFQRNtizGBSdmrIY=">AAACIXicbVC7SgNBFJ31bXwkamFhMyiCIIZdwUehErCxVDAPSEKYndzEIbM7y8xdMSz5FRs/wV+wsVAknVjb+g1OHmA0Hhg4nHMud+7xIykMuu67MzE5NT0zOzefWlhcWk5nVlYLRsWaQ54rqXTJZwakCCGPAiWUIg0s8CUU/dZ5zy/egjZChdfYjqAasGYoGoIztFItc1xBuMNEquZepAyCFkp36Cn9kaVodejuiBD1M7XMlpt1+6DjxBuSrdz611f65PHzspbpVuqKxwGEyCUzpuy5EVYTplFwCZ1UJTYQMd5iTShbGrIATDXpX9ih21ap04bS9oVI++roRMICY9qBb5MBwxvz1+uJ/3nlGBvH1USEUYwQ8sGiRiwpKtqri9aFBo6ybQnjWti/Un7DNOO2KpOyJXh/Tx4nhf2sd5g9uLJtnJEB5sgG2SQ7xCNHJEcuyCXJE07uyRN5Ia/Og/PsvDndQXTCGc6skV9wPr4BlnKoxg==</latexit>

log-posterior = log-lik + log-prior



General Information 
Processing

Projection to Exp-Family
Bayesian Learning Rule

For deep learning
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Data
Model Params
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✓

`(D, ✓)
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Principle of Trial-and-Error
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Frequentist: Empirical Risk Minimization (ERM) or 
Maximum Likelihood Principle, etc.

Deep 
Network

✓  ✓ � ⇢H
�1
✓ r✓`(✓)
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Deep Learning Algorithms:

Scales well to large data and complex model, and 
very good performance in practice.

=
NX
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[yi � f✓(xi)]
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1. Khan and Lin, Conjugate computation variational inference, AISTATS, 2017. 
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posterior / lik⇥ priorBayes rule:

Multiplication of distribution = addition of (natural) params
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�post = �lik + �prior
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This idea can be generalized through natural-gradients.
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log-posterior = log-lik + log-prior
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�post = rµEq[log-lik + log-prior]

Natural gradient Posterior “approximation”
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Eq[log-lik] = �>
likEq[T (✓)] = �>

likµ
Expected log-lik and log-prior are linear in  [1]μ

Gradient wrt  is simply the natural parameterμ
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rµEq[log-lik] = �lik

So Bayes’ rule can be written as (for an arbitrary q)
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�post  rµEq[log-lik + log-prior]

1. Khan, Variational-Bayes Made Easy, AABI 2023.

As an analogy, think of least-square = 1-step of Newton
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Entropy
DistributionAll distribution

= argmin
q2P

Eq(✓)[`(✓)]�H(q)
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Holds for any loss function (generalized-posterior)
Zellner (1988), Bissiri, et al. (2016), Shawe-Taylor and Williamson (1997), Cesa-Bianchi and Lugosi (2006)
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See Appendix A in Khan and Rue, 2021
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Posterior approximation (expo-family)

vs
Entropy

1. Khan and Rue, The Bayesian Learning Rule, JMLR, 2023
2. Khan and Lin. "Conjugate-computation variational inference….” AIstats, 2017
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min
q2Q

Eq(✓)[`(✓)]�H(q)

Bayesian Learning Rule [1,2] (natural-gradient descent)

Natural and Expectation parameters of q
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Old belief New information = natural gradients
Exploiting posterior’s information geometry to derive existing algorithms 
as special instances by approximating q and natural gradients.
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Bayesian learning rule:
Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)

6
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RMSprop/Adam BLR variant 
Improved Variational Online Newton (IVON)
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).
4. Shen et al. “Variational Learning is Effective for Large Deep Networks.” Under review (2024)

Only tune initial value of h (a scalar)
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Logistic Regression
Minibatch = 5,
Learning rates = (0.01, 0.01)

 Frequentist (Adam)
Bayes (VON,mean)
Bayes (samples)

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

Variational Online 
Newton method
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Code available at https://github.com/team-approx-bayes/dl-with-bayes

Bayes (VON,mean)

https://github.com/team-approx-bayes/dl-with-bayes


GPT-2 with Bayes

34

Better performance and uncertainty at the same cost

Trained on OpenWebText 
data (49.2B tokens).

On 773M, we get a gain of 
0.5 in perplexity.

On 355M, we get a gain of 
0.4 in perplexity.

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Shen et al. “Variational Learning is effective for large neural networks.” (Under review)

BLR (IVON)[3]
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• Bayesian statistics
1. Jaynes, Edwin T. "Information theory and statistical mechanics." Physical review (1957)
2. Zellner, A. "Optimal information processing and Bayes's theorem." The American 

Statistician (1988)
3. Bissiri, Pier Giovanni, Chris C. Holmes, and Stephen G. Walker. "A general framework for 

updating belief distributions." RSS: Series B (Statistical Methodology) (2016)

• PAC-Bayes
4. Shawe-Taylor, John, and Robert C. Williamson. "A PAC analysis of a Bayesian 

estimator." COLT 1997.
5. Alquier, Pierre. "PAC-Bayesian bounds for randomized empirical risk 

minimizers." Mathematical Methods of Statistics 17.4 (2008): 279-304.

• Online-learning (Exponential Weight Aggregate)
6. Cesa-Bianchi, Nicolo, and Gabor Lugosi. Prediction, learning, and games. 2006.

• Free-energy principle
7. Friston, K. "The free-energy principle: a unified brain theory?." Nature neuroscience (2010)

= argmin
q2P

Eq(✓)[`(✓)]�H(q)
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• Evolution strategy
1. Ingo Rechenberg, Evolutionsstrategie – Optimierung technischer Systeme nach Prinzipien 

der biologischen Evolution (PhD thesis) 1971.

• Gaussian Homotopy
2. Mobahi, Hossein, and John W. Fisher III. "A theoretical analysis of optimization by 
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