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SVRG AND BEYOND VIA POSTERIOR CORRECTION

STOCHASTIC VARIANCE REDUCED GRADIENT (SVRG)

Given a standard ERM objective, SGD can have high variance:

ω → ω ↑ ω↓εi(ω). (!)

SVRG (Johnson and Zhang"#!$) aims to stabilize SGD with full-batch gradients:

ωin → ωin ↑ ω
[
↓εi(ωin) ↑ ↓εi(ωout) +

!
N

N∑

j=!

↓εj(ωout)
]
. (")
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Sustainable AI Training

The immense data, compute, and infrastructure 
demands are increasingly unsustainable
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Adaptive Intelligence [1,2]

Challenging for existing AI training due to 
“catastrophic interference” [3,4]
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1. Sternberg. A theory of adaptive intelligence and its relation to general intelligence. Journal of Intelligence(2019)
2. Sternberg. Adaptive intelligence.  New York: Cambridge University Press (2021)
3. Sutton. Two Problems with Backpropagation and Other Steepest-Descent Learning…, Cog. Sci. Society (1986)
4. Kirkpatrick et al. Overcoming catastrophic forgetting in neural networks. PNAS (2017).



Adaptive Bayesian Intelligence
• Developing Adaptive Intelligence via Bayesian Principles
• Part 1: Bayesian Learning Rule [1] 

– Unifies many machine-learning algorithms
– We use it to improve Deep Learning [2] 

• Part 2: Posterior Correction [3]
– Unifies many knowledge-adaptation methods
– We use it to improve Continual learning [4], Variance 

reduction [5], and Distributed optimization [6]
• Bayes for the next-generation adaptive intelligence
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1.Khan and Rue, The Bayesian Learning Rule, JMLR (2023)
2.Shen et al. Variational Learning is Effective for Large Deep Networks, ICML (2024) 
3.Khan. Knowledge Adaptation as Posterior Correction, arXiv (2025)
4.Khan and Swaroop. Knowledge-Adaptation Priors, NeurIPS (2021)
5.Daheim et al. SVRG and Beyond with Posterior Correction, ICML (2026) 
6.Moellenhoff et al. Federated ADMM from Bayesian Duality. ICLR (2026)



Bayesian Learning Rule [1]
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Optimization

Gradient Descent
Newton’s Method
Multimodal Optimization

Deep-Learning
SGD, RMSprop and Adam
Sharpness-Aware Minimization
Dropout, STE, Label Smoothing
SOAP….

Conjugate Bayes
Laplace’s Method
Expectation Maximization
Stochastic Variational Inference
Variational Message Passing

Exponential-Weight Aggregation
Natural Evolution Strategy
Gaussian Homotopy
Smoothed Optimization
Weight-perturbed Optimization
Stochastic Search (annealing)
Stochastic Relaxation

Global-OptimizationApproximate Inference

1.Khan and Rue, The Bayesian Learning Rule, JMLR (2023)
2.Khan and Lin. Conjugate-Compute Variational Inference, AISTATS (2017)



Deep Learning
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θt ← arg min
θ

t

∑
j=0

ℓj(θ)Empirical Risk Minimization:

Scales to billions of parameters and data examples, 
and works extremely well. Are there Bayesian versions 
that are equally scalable and accurate?

1. Tieleman and Hinton. Lecture 6.5-RMSprop: Divide the gradient by a running average of its recent magnitude. 
COURSERA: Neural Networks for Machine Learning 4 (2012)

2. Adam: A method for stochastic optimization, ICLR, 2014 (citation >247,000)

SGD: θ ← θ − ρ∇ℓj(θ)

Adam [1,2]: θ ← θ − ρ diag(ĥ)−1/2 ∇ℓj(θ)
ĥ ← (1 − η)ĥ + η [∇ℓj(θ)]2

Loss



Variational Bayesian Posteriors
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pt ∝ p0

t

∏
j=1

exp(−ℓj)Bayes for ERM [1]

pt = arg min
q∈𝒫

t

∑
j=1

𝔼q[ℓj] + KL(q∥p0)Gibbs Variational principle 
[2-4]

Variational Bayesian (VB) 
learning

qt = arg min
q∈𝒬

t

∑
j=1

𝔼q[ℓj] + KL(q∥p0)

1. Zhang, Theoretical analysis of a class of randomized regularization methods, COLT (1999)
2. Donsker & Varadhan, Asymptotic evaluation of certain Markov process expectations for large time (1976-83)
3. Williams, Bayesian conditionalisation and the principle of minimum information (1980)
4. Zellner, Optimal Information Processing and Bayes’ Theorem. The American Statistician (1988)

We can find such generalizations by introducing 
“posterior approximations” through variational Bayes.

* This is not pure variational “inference” rather ERM-like “learning” variant



The Structure of VB Posteriors [1,2]
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A VB solution  has an equivalent representation in 
terms of loss-surrogates (called sites) denoted by  [1]

qt ̂ℓj|t

1.Khan and Nielsen. Fast yet simple natural-gradient descent for VI..,ISITA (2018)
2.Khan. Information Geometry of Variational Bayes, Information Geometry Journal (2025)
3.Khan and Lin. Fast and Simple Natural-Gradient Variational Inference with Mixture of 

Exponential-family Approximations, ICML (2019)
4.Kiral et al. Lie-Group Bayesian Learning Rule, AISTATS (2023)
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This result stems from the first-order optimality and 
extends to many cases [3,4] (but not always as elegant)
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Bayes’ vs Taylor’s Approximations
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1.Khan. Information Geometry of Variational Bayes, Information Geometry Journal (2025)
2.Khan. Knowledge adaptation as posterior correction. ArXiv (2025)

For Gaussian posteriors, the sites closely resemble  
Taylor’s approximations [1,2]
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For Gaussian posteriors, the sites closely resemble  
Taylor’s approximations [1,2]

qt ∝ p0

t

∏
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exp(− ̂ℓj|t)
Posterior Sites

N(mt, I ) ∝ 1
̂Zt
p0

t

∏
j=1

exp(−θ⊤𝔼qt
[∇ℓj])

iso-Gauss Gradients

N(mt, Σt) ∝ 1
̂Zt
p0

t

∏
j=1

exp(−θ⊤𝔼qt
[∇ℓj] − 1

2 (θ − mt)⊤𝔼qt
[∇2ℓi](θ − mt))

full-Gauss Gradients Hessians



The Bayesian Learning Rule (BLR)
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The structure suggests a natural algorithm to estimate 
VB posteriors, similarly to SGD or Adam.

1.Khan and Rue. The Bayesian Learning Rule. JMLR (2023)
2.Khan and Lin. Conjugate-Compute Variational Inference..… AISTATS (2017)

qt = 1
̂Zt
p0

t

∏
j=1

exp(− ̂ℓj|t)
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The structure suggests a natural algorithm to estimate 
VB posteriors, similarly to SGD or Adam.

(mini-batch of size 1 and )p0 ∝ exp(−ℓ0)
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∏
j=1
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BLR with q(θ) = 𝒩(m, σ2)Adam

By Cong Bai (RIKEN AIP)



Adam from the BLR
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RMSprop/Adam
<latexit sha1_base64="6cqgdMpwEvsCUhlzFD20sqy/oaU=">AAACt3icbVFNj9MwEHXC11K+Chy5jKhAqdCWZFW+bitx4bhIdHdFXaqJ49TWOnHWdkBVlL/IgRv/BidtJbq7I1l6eu/N83icVkpaF8d/g/DW7Tt37x3cHzx4+Ojxk+HTZ6dW14bxGdNKm/MULVey5DMnneLnleFYpIqfpRefO/3sJzdW6vKbW1d8UeCqlLlk6Dy1HP6mAl2zauE1VTx3aIz+BT1HS0wVtkC5UhF1gjscUzroNX GDf9X+OAJvEHtSlBxSI/QYBLyBDsEuoMvqU/ejNtQhUFSVQIBol971Z1x5sYDxW4iovTR90I7vplsOR/Ek7guug2QLRmRbJ8vhH5ppVhe8dEyhtfMkrtyiQeMkU7wd0NryCtkFrvjcwxILbhdNv/cWXnkmg1wbf0oHPft/R4OFtesi9c4CnbBXtY68SZvXLv+4aGRZ1Y6XbHNRXitwGrpPhEwazpxae4DMSD8rMIEGmfNf3S0hufrk6+D0aJK8n7z7Oh0dT7frOCAvyEsSkYR8IMfkCzkhM8KCafA9YEEWfgqXYR6KjTUMtj3PyV6Fl/8ARwHSgg==</latexit>

ĝ  r̂`(✓)
ĥ ĝ2

h (1� ⇢)h+ ⇢ĥ

✓  ✓ � ↵(ĝ + �m)/(
p
h+ �)

1.Khan, et al. "Fast and scalable Bayesian deep learning by.…” ICML (2018).
2.Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3.Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).
4.Shen et al. “Variational Learning is Effective for Large Deep Networks.” ICML (2024)

1 

2 

3 

4 

5

For , BLR closely resembles Adam.q = 𝒩(m, σ2)



Adam from the BLR
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RMSprop/Adam Improved Variational Online Newton (IVON) [4] 
<latexit sha1_base64="6cqgdMpwEvsCUhlzFD20sqy/oaU=">AAACt3icbVFNj9MwEHXC11K+Chy5jKhAqdCWZFW+bitx4bhIdHdFXaqJ49TWOnHWdkBVlL/IgRv/BidtJbq7I1l6eu/N83icVkpaF8d/g/DW7Tt37x3cHzx4+Ojxk+HTZ6dW14bxGdNKm/MULVey5DMnneLnleFYpIqfpRefO/3sJzdW6vKbW1d8UeCqlLlk6Dy1HP6mAl2zauE1VTx3aIz+BT1HS0wVtkC5UhF1gjscUzroNX GDf9X+OAJvEHtSlBxSI/QYBLyBDsEuoMvqU/ejNtQhUFSVQIBol971Z1x5sYDxW4iovTR90I7vplsOR/Ek7guug2QLRmRbJ8vhH5ppVhe8dEyhtfMkrtyiQeMkU7wd0NryCtkFrvjcwxILbhdNv/cWXnkmg1wbf0oHPft/R4OFtesi9c4CnbBXtY68SZvXLv+4aGRZ1Y6XbHNRXitwGrpPhEwazpxae4DMSD8rMIEGmfNf3S0hufrk6+D0aJK8n7z7Oh0dT7frOCAvyEsSkYR8IMfkCzkhM8KCafA9YEEWfgqXYR6KjTUMtj3PyV6Fl/8ARwHSgg==</latexit>

ĝ  r̂`(✓)
ĥ ĝ2

h (1� ⇢)h+ ⇢ĥ

✓  ✓ � ↵(ĝ + �m)/(
p
h+ �)

1.Khan, et al. "Fast and scalable Bayesian deep learning by.…” ICML (2018).
2.Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
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4.Shen et al. “Variational Learning is Effective for Large Deep Networks.” ICML (2024)
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5

<latexit sha1_base64="lMR1EEq84mMqe3ZqmU42lhTl4A0="></latexit>

ĝ  r̂`(✓) where ✓ ⇠ N (m,�2)

ĥ ĝ · (✓ �m)/�2

h (1� ⇢)h+ ⇢ĥ +⇢2(h� ĥ)2/(2(h+ �))

m m� ↵(ĝ + �m)/(h+ �)

�2 1/(N(h+ �))

1 

2 

3 

4 

5

For , BLR closely resembles Adam.q = 𝒩(m, σ2)

pip install ivon-opt



IVON won 1st prize in NeurIPS 2021 
Approximate Inference Challenge
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Watch Thomas Moellenhoff’s talk at 
https://www.youtube.com/watch?v=LQInlN5EU7E.
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GPT-2 (125M) on OpenWebText data (49.2B tokens)  
Trained with the Bayesian Learning Rule version called IVON

Bayesian Learning Rule is as cheap and accurate as Adam

BLR (IVON)

Adam

1. Shen et al. “Variational Learning is Effective for Large Deep Networks.” ICML (2024)



IVON Improves LoRA Finetuning (7B)
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Train longer, generalize better

Get more out of less (data) Better acc-calibration trade-off

Posterior averages improve accuracy

1.Cong et al. Improving LoRA with Variational Learning, ArXiv (2025).



IVON reduces Hallucinations
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LLM decoding:  I LOVE BAYES’ _____

1.Daheim et al. Uncertainty-Aware Decoding with Minimum Bayes Risk, ICLR (2025)

Utility
Posterior sampling

Standard approach:

IVON-based:

Posterior averaging improves the standard approach



Variational Visual-Question Answering
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Published in Transactions on Machine Learning Research (04/2026)

Threshold for abstention

Question: Does the pedestrian light say walk?

P(
Ye

s)

1

0

Correct answer: “No”

AdamW: 
“Yes”

VarVQA: 
“Not sure”

.5

Figure 1: Despite recent performance gains, VLMs trained with popular optimizers like AdamW do not
know when they are wrong. Our VarVQA approach uses posterior variances to help the model decide when
to abstain. The result shown on the right is for BEiT-3 (Wang et al., 2023), which achieves near-human
accuracy on VQAv2 (Goyal et al., 2017).

challenge is to find a good confidence estimator that separates correct answers from incorrect ones. Given
such an estimator, the incorrect answers can be replaced with an output that indicates that the model does
not know the answer such ‘Not sure’ or ‘I do not know’, which replaces potentially costly errors with absten-
tions. Although recent work has connected selective prediction to hallucinations, (Kalai et al., 2025), the
literature on multimodal models remains relatively sparse. Previous approaches in the multimodal domain
have proposed to incorporate additional model components to improve confidence estimates: Whitehead
et al. (2022) train a lightweight head on top of the frozen VLM backbone, while Srinivasan et al. (2024) use
external vision tools and an additional language model to quantify uncertainty. Both works do not attempt
to improve the reliability of the underlying model. Instead, their solutions introduce additional overhead to
the prediction pipeline while also adding new failure points for uncertainty estimation.

Variational Bayesian (VB) methods (Graves, 2011) can potentially address the unreliability of VLMs without
requiring additional components or tools. In particular, the uncertainty in the learned posterior distribution
over model parameters can be used to help the model make a prediction only when it is su!ciently confident.
This theory remains untested though, as for a long time, VB approaches have been ine"ective for large
transformer-based architectures. However, the recently developed Improved Variational Online Newton
(IVON) optimizer (Shen et al., 2024) has enabled e"ective variational training of models such as GPT-2
(Radford et al., 2019) with no significant overhead compared to AdamW (Loshchilov and Hutter, 2019). So
far, IVON has been limited to unimodal domains, and in this work, we are the first to test its e"ectiveness for
multimodal applications, particularly with regards to selective prediction. Our contributions are as follows:

1. We demonstrate that variational training is e"ective for large multimodal transformer-based archi-
tectures and introduce the Variational VQA (VarVQA) framework for selective VQA abstentions.

2. We demonstrate improved uncertainty estimation across multiple dimensions: better calibration,
and enhanced selective prediction with particularly large gains at low error tolerances, as well as
increased robustness under distribution shift.

3. We establish superior sample e!ciency compared to Monte-Carlo (MC) Dropout, showing that
Variational VQA provides better reliability given an equal compute budget.

4. We propose a new risk-averse selector function that leverages output variance, yielding consistent
improvements in high-stakes selective prediction where errors are particularly costly.

2

Abstain from answering when unsure (by using IVON)

1.Wieczorek et al. Variational Visual Question Answering for Uncertainty-Aware Selective 
Prediction, TMLR (2025)



IVON Finds More Flat Solutions than 
GD at the Edge of Stability (EoS)
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By tweaking posterior variance, we can find flatter solutions

1.Ghosh et al. Variational Learning finds Flatter Solutions at the Edge of Stability, NeurIPS (2025)

Unstable

Stable
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Figure 1: Our key idea is to use SOAP’s preconditioner to transform diagonal covariances into
non-diagonal ones. We call the resulting posteriors SOAP-Bubbles and they provide a much better fit
to the exact posterior. Our new optimizer EVON runs the state-of-the-art variational method IVON in
SOAP’s eigenspace and significantly improves both the training speed and final loss for language
models (here, NanoGPT). SOAP-Bubble posteriors obtained with EVON also work much better for
model averaging during test-time than IVON’s diagonal posteriors.

cant overhead by requiring stored training examples and a secondary pass over the data. Existing
structured variational methods (Bae et al., 2018; Zhang et al., 2018; Louizos and Welling, 2016;
Mishkin et al., 2018; Lin et al., 2019, 2021; Fadel et al., 2025) are difficult to implement, incur
substantial memory and compute overheads, and have not yet been shown to scale effectively to
modern architectures like language models. Ideally, we would like a method that combines ease of
implementation, minimal overhead, and scalability with expressive uncertainty estimation.

To bridge this gap, we introduce SOAP-Bubbles, a novel family of expressive, non-diagonal posterior
distributions. SOAP-Bubbles are transformations of diagonal covariances, where the transformation
is a rotation constructed from SOAP’s preconditioner (Vyas et al., 2025). By considering a diag-
onal posterior within a rotated subspace, SOAP-Bubbles can capture block-diagonal covariances
in the original space without the prohibitive costs usually associated with structured covariance
approximations. We illustrate the main idea in Fig. 1 (left), where compared to the axis-aligned
diagonal Gaussian, the SOAP-Bubble provides a superior fit to the exact posterior. In our theoretical
contribution, we show that SOAP-Bubbles can often recover the optimal full-Gaussian posterior
approximation, for example in binary logistic regression.

To efficiently optimize and sample from these structured posteriors at scale, we propose the Eigenspace
Variational Online Newton (EVON) algorithm. EVON entails only a simple modification to the
SOAP optimizer (Vyas et al., 2025). SOAP (ShampoO with Adam in the Preconditioner’s Eigenbasis)
constructs a block-diagonal preconditioner from stochastic minibatch gradients and runs Adam
within the resulting eigenspace. EVON builds directly on this structure, operating in the same
eigenspace but replacing Adam with the mean-field variational method IVON (Shen et al., 2024).
This maps a diagonal variational method in the eigenspace to a non-diagonal, expressive posterior
in the original weight space, achieving the performance of structured variational inference without
requiring extensive changes to standard training pipelines.

In our experiments, we demonstrate that EVON allows SOAP-Bubbles to scale to language model
training, yielding consistently better results than IVON under the same computational budget. For
example, when training NanoGPT on FineWeb-1B (Penedo et al., 2024), EVON significantly im-
proves validation loss, as shown in Fig. 1 (middle). Furthermore, ensembling models sampled from
SOAP-Bubbles substantially outperforms ensembling from IVON’s diagonal posterior, see Fig. 1
(right). This confirms that our approach not only improves training optimization dynamics but
successfully captures a richer representation of weight uncertainty.

To contextualize EVON’s design and understand why capturing these non-diagonal covariances has
historically been so challenging, we next turn to the foundations of variational learning and prior
efforts to model structured weight uncertainty.

2
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Abstract

Structured weight-uncertainty can improve many aspects of deep learning, but it
remains costly to estimate and difficult to implement. Here, we show that these
issues can be addressed by adapting the SOAP optimizer. Our key idea is to run
IVON, an existing diagonal-covariance variational method, in the eigenspace of
SOAP’s preconditioner and then use the preconditioner to transform the diagonal
estimate into a non-diagonal covariance. The resulting method has costs similar to
those of SOAP and requires no drastic changes to training pipelines. We call the
posteriors obtained in this way SOAP-Bubbles and our new optimizer Eigenspace-
VON (EVON). We show that, for logistic regression, EVON recovers the exact
Gaussian covariance and that, for language model pretraining, it yields significantly
better results than existing diagonal-covariance methods. Our work makes it easier
to estimate more expressive posterior distributions for deep learning at scale.

1 Introduction

Weight uncertainty promises many improvements over current deep learning recipes. For example,
it can be useful for exploration in reinforcement learning (Sehnke et al., 2010), to better weight
models in model merging (Daheim et al., 2024), to improve language generation by combining the
predictions of many model samples (Daheim et al., 2025; Gan and Isola, 2026), or to provide a better
understanding of model behavior via improved influence estimation (Nickl et al., 2023). There is
a long list of other applications (Nguyen et al., 2018; Osawa et al., 2019; Wang et al., 2024; Cong
et al., 2025; Khan, 2025; Möllenhoff et al., 2025, inter alia) but, ultimately, techniques for estimating
weight uncertainty explicitly during training are rarely used in practice and real-world settings.

One reason for this gap is that available variational learning methods for large models, such as
IVON (Shen et al., 2024), rely on diagonal Gaussians. This diagonal structure restricts the expres-
sivity of the learned distribution and the resulting weight uncertainty. Structured (non-diagonal)
approximations, such as those using Kronecker-factored structures (Immer et al., 2021; Daxberger
et al., 2021; Eschenhagen et al., 2023; Dhahri et al., 2024; Hong et al., 2025), can learn much richer
uncertainty representations. Yet, these post-hoc methods, such as Laplace’s method, introduce signifi-

→Part of this work done during an internship at RIKEN AIP.
†Correspondence to: thomas.moellenhoff@riken.jp
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Figure 1: Our key idea is to use SOAP’s preconditioner to transform diagonal covariances into
non-diagonal ones. We call the resulting posteriors SOAP-Bubbles and they provide a much better fit
to the exact posterior. Our new optimizer EVON runs the state-of-the-art variational method IVON in
SOAP’s eigenspace and significantly improves both the training speed and final loss for language
models (here, NanoGPT). SOAP-Bubble posteriors obtained with EVON also work much better for
model averaging during test-time than IVON’s diagonal posteriors.

cant overhead by requiring stored training examples and a secondary pass over the data. Existing
structured variational methods (Bae et al., 2018; Zhang et al., 2018; Louizos and Welling, 2016;
Mishkin et al., 2018; Lin et al., 2019, 2021; Fadel et al., 2025) are difficult to implement, incur
substantial memory and compute overheads, and have not yet been shown to scale effectively to
modern architectures like language models. Ideally, we would like a method that combines ease of
implementation, minimal overhead, and scalability with expressive uncertainty estimation.

To bridge this gap, we introduce SOAP-Bubbles, a novel family of expressive, non-diagonal posterior
distributions. SOAP-Bubbles are transformations of diagonal covariances, where the transformation
is a rotation constructed from SOAP’s preconditioner (Vyas et al., 2025). By considering a diag-
onal posterior within a rotated subspace, SOAP-Bubbles can capture block-diagonal covariances
in the original space without the prohibitive costs usually associated with structured covariance
approximations. We illustrate the main idea in Fig. 1 (left), where compared to the axis-aligned
diagonal Gaussian, the SOAP-Bubble provides a superior fit to the exact posterior. In our theoretical
contribution, we show that SOAP-Bubbles can often recover the optimal full-Gaussian posterior
approximation, for example in binary logistic regression.

To efficiently optimize and sample from these structured posteriors at scale, we propose the Eigenspace
Variational Online Newton (EVON) algorithm. EVON entails only a simple modification to the
SOAP optimizer (Vyas et al., 2025). SOAP (ShampoO with Adam in the Preconditioner’s Eigenbasis)
constructs a block-diagonal preconditioner from stochastic minibatch gradients and runs Adam
within the resulting eigenspace. EVON builds directly on this structure, operating in the same
eigenspace but replacing Adam with the mean-field variational method IVON (Shen et al., 2024).
This maps a diagonal variational method in the eigenspace to a non-diagonal, expressive posterior
in the original weight space, achieving the performance of structured variational inference without
requiring extensive changes to standard training pipelines.

In our experiments, we demonstrate that EVON allows SOAP-Bubbles to scale to language model
training, yielding consistently better results than IVON under the same computational budget. For
example, when training NanoGPT on FineWeb-1B (Penedo et al., 2024), EVON significantly im-
proves validation loss, as shown in Fig. 1 (middle). Furthermore, ensembling models sampled from
SOAP-Bubbles substantially outperforms ensembling from IVON’s diagonal posterior, see Fig. 1
(right). This confirms that our approach not only improves training optimization dynamics but
successfully captures a richer representation of weight uncertainty.

To contextualize EVON’s design and understand why capturing these non-diagonal covariances has
historically been so challenging, we next turn to the foundations of variational learning and prior
efforts to model structured weight uncertainty.

2
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Abstract

Structured weight-uncertainty can improve many aspects of deep learning, but it
remains costly to estimate and difficult to implement. Here, we show that these
issues can be addressed by adapting the SOAP optimizer. Our key idea is to run
IVON, an existing diagonal-covariance variational method, in the eigenspace of
SOAP’s preconditioner and then use the preconditioner to transform the diagonal
estimate into a non-diagonal covariance. The resulting method has costs similar to
those of SOAP and requires no drastic changes to training pipelines. We call the
posteriors obtained in this way SOAP-Bubbles and our new optimizer Eigenspace-
VON (EVON). We show that, for logistic regression, EVON recovers the exact
Gaussian covariance and that, for language model pretraining, it yields significantly
better results than existing diagonal-covariance methods. Our work makes it easier
to estimate more expressive posterior distributions for deep learning at scale.

1 Introduction

Weight uncertainty promises many improvements over current deep learning recipes. For example,
it can be useful for exploration in reinforcement learning (Sehnke et al., 2010), to better weight
models in model merging (Daheim et al., 2024), to improve language generation by combining the
predictions of many model samples (Daheim et al., 2025; Gan and Isola, 2026), or to provide a better
understanding of model behavior via improved influence estimation (Nickl et al., 2023). There is
a long list of other applications (Nguyen et al., 2018; Osawa et al., 2019; Wang et al., 2024; Cong
et al., 2025; Khan, 2025; Möllenhoff et al., 2025, inter alia) but, ultimately, techniques for estimating
weight uncertainty explicitly during training are rarely used in practice and real-world settings.

One reason for this gap is that available variational learning methods for large models, such as
IVON (Shen et al., 2024), rely on diagonal Gaussians. This diagonal structure restricts the expres-
sivity of the learned distribution and the resulting weight uncertainty. Structured (non-diagonal)
approximations, such as those using Kronecker-factored structures (Immer et al., 2021; Daxberger
et al., 2021; Eschenhagen et al., 2023; Dhahri et al., 2024; Hong et al., 2025), can learn much richer
uncertainty representations. Yet, these post-hoc methods, such as Laplace’s method, introduce signifi-

→Part of this work done during an internship at RIKEN AIP.
†Correspondence to: thomas.moellenhoff@riken.jp
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Bayesian Learning Rule [1]

24

Optimization

Gradient Descent
Newton’s Method
Multimodal Optimization

Deep-Learning
SGD, RMSprop and Adam
Sharpness-Aware Minimization
Dropout, STE, Label Smoothing
SOAP….

Conjugate Bayes
Laplace’s Method
Expectation Maximization
Stochastic Variational Inference
Variational Message Passing

Exponential-Weight Aggregation
Natural Evolution Strategy
Gaussian Homotopy
Smoothed Optimization
Weight-perturbed Optimization
Stochastic Search (annealing)
Stochastic Relaxation

Global-OptimizationApproximate Inference

1.Khan and Rue, The Bayesian Learning Rule, JMLR (2023)
2.Khan and Lin. Conjugate-Compute Variational Inference, AISTATS (2017)



Adaptive Intelligence

Challenging due to “catastrophic interference” 
[1,2]. We address it by exploiting the structure 

of the VB posteriors to adapt quickly

25
1. Sutton. Two Problems with Backpropagation and Other Steepest-Descent Learning…, Cog. Sci. Society (1986)
2. Kirkpatrick et al. Overcoming catastrophic forgetting in neural networks. PNAS, 2017.



The Goal of Adaptive Intelligence
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θt = arg min
t

∑
j=0

ℓjOld model:

θt+1 = arg min ℓt+1 +
t

∑
j=0

ℓjRetraining:

θt+1 = Adapt(𝒟t+1, θt, 𝒟1:t)Quick 
Adaptation:

θt θt+1

𝒟t+1𝒟t

Update knowledge “quickly”. For instance, in continual 
learning, we want to update the model with new data

EWC [1]: ̂θt+1 = arg min ℓt+1 + ρt∥θ − θt∥2

Other case: model merging, federated/distributed 
learning, unlearning, model editing, local learning 

1. Kirkpatrick et al. Overcoming catastrophic forgetting in neural networks. PNAS, 2017.
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What if we do not have , but approximate ? Can we 
still control the accumulation of error at  increases?

pt qt
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Recursive Update
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Posterior Correction for CL [1]
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Quantify the error by writing  in terms of qt+1 qt

Eq. 4 in Khan (2025)

1. Khan, Knowledge Adaptation as Posterior Correction, arXiv (2025)
2. Nguyen et al. Variational Continual Learning, ICLR (2018)

Batch: qt+1 = arg min 𝔼q[ℓt+1] +
t

∑
i=1

𝔼q[ℓi] + KL(q∥p0)
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VCL [2]
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The Correction Term

29

Correction is a mathematical quantification of the 
“interference” between the past and the future.

Eq. 4 in Khan (2025)

̂ℓj|t+1 − ̂ℓj|t

E.g., for isotropic Gaussian , the sites are built with 
gradients and therefore correction = gradient mismatch

q

ℓj

qt qt+1

Small interference

ℓj

qt qt+1

Large interference
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1. Pan et al. Continual Deep Learning by Functional Regularisation of Memorable Past, NeurIPS, 2020
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Choose memories where interference is more likely and 
add corrections to the variational objective.
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K-Priors with Compact Memory
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(a) Split-CIFAR-10 (b) Split-CIFAR-100

(c) Split-TImageNet-200

#mem=10

#mem=160

+30%
improvement

Almost batch 
accuracy at 2%

(d) Split-ImageNet-1000

Figure 5: Results for multi-class logistic regression. For panel (a), we use features extracted using
a pre-trained Vit-B/32 and the rest use features of a pre-trained Vit-L/14. Similarly to binary
classification, our method get much better accuracy compared to replay and K-prior for the same
memory size. For instance, on Split-ImageNet-1000, we get 30% improvement over replay when
using memory size equivalent to 0.3% of the data size. With 2% memory, we obtain 74% accuracy
which is close to the batch accuracy of 77.6% on this dataset.

To understand the nature of the newly learned memories, we also plot the data examples that are
closest to the learned memories (shown with circles in Fig. 3). To be precise, we find examples
x˚ in the input space whose gradient is closest to a memory vector, that is, for a given uk|t, we
look for x with the smallest }→ωLpy, ŷpfωpuk|tqqq ´ →ωLpy, ŷpfωpxqqq}2 at ω “ ωt. We see that
learned memories cover areas in the input space close to the decision boundary. This confirms that
the memories are a reasonable representation of the decision boundary.

USPS odd vs even datasets. The USPS dataset is a 16ˆ16 image dataset of digits from 0 to 9.
We relabel each digit based on whether it is even or odd and consider a continual logistic regression
with 5 task sequences given as p0, 1qÑp2, 3qÑp4, 5qÑp6, 7qÑp8, 9q. The training set of each task
consists of 1000 data points, and the test set of each task consists of 300 data points. We use degree-1
polynomial feature-map yielding 256-dimensional features.

We consider the following baselines: K-prior [Khan and Swaroop, 2021] and experience replay [Rol-
nick et al., 2019] that store partial datasets of past tasks as memory. The replay set of K-prior and
experience replay are initialized by random data subsets as done in Daxberger et al. [2023]. We also
compare to the batch training.

Fig. 4a shows the averaged accuracies on the test set over five tasks when the varying memory sizes
are considered. For each experiment we use five different random seeds. We plot results for memory
sizes equivalent to 1, 2, and 5% of dataset for memory. The result shows that our method outperforms
other baselines significantly when using small memory sizes. Fig. 4b shows the visualization of the

9

We can Hessian corrections to build a memory

Batch accuracy 
with just < 2% of 
past data

The results are on 
split ImageNet-1000 
classification with 
ViT-L/14 model

1. Jung et al. Compact Memory for Continual Logistic Regression, NeurIPS (2025)
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Continual Learning
Elastic Weight Consolidation
Variational Continual Learning
Memory Replay Methods
Functional Regularization
Knowledge Adaptation Prior

Model Merging
Task Arithmetic
Fisher/Hessian-Based Merging
Ensembles Methods

Knowledge Distillation
Learning with Privileged information
Incremental SVMs

FedAvg, FedDyn
Alternating Direction Method
     of Multipliers (ADMM)
Alternating Minimization 
     Algorithm (AMA)
Partitioned Variational Inference

Federated Learning
Student-Teacher Learning
Unlearning and Influence

1.Khan, Knowledge Adaptation as Posterior Correction, arXiv (2025) 
2.Daheim et al. SVRG and Beyond with Posterior Correction, arXiv (2025)

Posterior Correction [1]

Variance Reduction
SVRG, SAG, SARAH,…

(Sec 3.1) (Sec 3.3)

(Sec 3.2)

(Sec 4.4)
(Sec 3.4)

[2]



Variance Reduction for SGD

33

Speed-up SGD by reducing the gradient variance [1]. 
Essentially, we compute full-batch gradient at an older 

 and then take a few steps of SGD, and iterate,θold

θ ← θ − ρ [∇ℓj(θ)

1.Johnson and Zhang, Accelerating SGD using predictive variance reduction, NeurIPS (2013)
2.Daheim et al. SVRG and Beyond with Posterior Correction, ICML (2026) 
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Posterior Correction generalize this approach [2] and 
allows us to derive new variants.
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Logistic Regression
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SVRG AND BEYOND VIA POSTERIOR CORRECTION

POSTERIOR CORRECTION IMPROVES SVRG
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1.Daheim et al. SVRG and Beyond with Posterior Correction, ICML (2026) 
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GPT-2 (125M) on OpenWebText data (49.2B tokens)  
Trained with the Bayesian Learning Rule version called IVON

Posterior Correction can boost LLM training

BLR (IVON)

Adam

1.Daheim et al. SVRG and Beyond with Posterior Correction, ICML (2026) 
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GPT-2 (125M) on OpenWebText data (49.2B tokens)  
Trained with the Bayesian Learning Rule version called IVON

Posterior Correction can boost LLM training

BLR (IVON)

Adam

Start correcting 
from here onwards

BLR (IVON) with  
Posterior Correction

We run IVON 
for a few steps

1.Daheim et al. SVRG and Beyond with Posterior Correction, ICML (2026) 



Generalizing ADMM

37

Alternating Direction Method of Multiplier is a classical 
method from 70s for distributed optimization, but there 
are no good variants for Newton and Adam optimizers
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A simplified version for 2 clients with losses ℓ1, ℓ2
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We can easily generalize ADMM by replacing gradient 
corrections by posterior corrections [2]
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A simplified version for 2 clients with losses ℓ1, ℓ2



Distributed Deep Learning

381. Moellenhoff et al. Federated ADMM from Bayesian Duality. ICLR (2026)

Bayesian generalizations with posterior corrections 
converge faster with no increase in costs [1]



Distributed Deep Learning

38

Published as a conference paper at ICLR 2026

qg

(qk, ∇̃𝔼[ℓk])

θg

(θk, ∇ℓk)

ADMM BayesADMM

Server Client k Server Client k

Figure 1: In ADMM, the server broadcasts the global parameter ωg to the clients who then update
their local ωk and send them back to the server along with the gradients →ωk of their loss functions.
Bayesian-ADMM generalizes ADMM by using distributions over global and local parameters
(denoted by qg and qk, respectively) and replacing gradients by natural gradients (denoted by →̃E[ωk]).
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ResNet-20 on CIFAR-100 with 10 clients MLP on MNIST with 100 clients

IVON-ADMM IVON-ADMM

FedAvg

Figure 2: We derive an Adam-like extension of ADMM, called IVON-ADMM, which gives up to 7%
accuracy boost over existing federated deep-learning methods (left) without any increase in the cost
and overall runtime (right). Details of the experiment are in Sec. 4.

as a special case of Bayesian-ADMM that employs isotropic Gaussian posteriors. New non-trivial
generalizations are also automatically obtained by using other exponential-family distributions.

We derive two new extensions of ADMM using Bayesian-ADMM. The first extension is a Newton-
like variant obtained by using multivariate Gaussian distributions. Unlike classical ADMM, this new
variant converges in one communication round when applied to quadratic objectives. The second
extension is an Adam-like variant obtained by restricting the covariance to be a diagonal matrix. This
variant can be efficiently implemented by using the IVON method of Shen et al. (2024) and yields up
to 7% accuracy boost for deep heterogeneous cases without increasing the cost and overall runtime
(Fig. 2). Ultimately, our work opens a new Bayesian way to generalize ADMM and other primal-dual
methods. This was not possible before, even though a lot of work has been done recently on Bayesian
methods for federated deep learning (Al-Shedivat et al., 2021; Guo et al., 2023; Kotelevskii et al.,
2022; Louizos et al., 2021; Pal et al., 2024; Yurochkin et al., 2019).

2 FEDERATED LEARNING VIA ADMM AND VARIATIONAL BAYES

Federated learning aims to train a global model with parameter ωg at a central server by communicat-
ing with K clients and without ever gaining access to their local data. The clients can access their
data through local loss functions denoted by ωk(ω) for the k’th client. The goal is to solve for

ω→
g = argmin

ω

K∑

k=0

ωk(ω), (1)

where ω0(ω) denotes the regularizer. However, since the server is not allowed direct access to ωk, it is
forced to solve this problem by communicating with clients. The main idea is to perform distributed

2

1. Moellenhoff et al. Federated ADMM from Bayesian Duality. ICLR (2026)
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1. Moellenhoff et al. Federated ADMM from Bayesian Duality. ICLR (2026)

Bayesian generalizations with posterior corrections 
converge faster with no increase in costs [1]

We hope to scale this to LLMs in the near future.



The Bayesian-Duality Principle

39

Space of all distributions Space of loss functions

Loss ltExact 
Posterior  pt

Why are we able to unify all sorts of knowledge 
adaptation tasks? This is due to duality of Bayes.

Every (variational) posterior has a dual pairing 

1.Khan et al. Fast Dual Variational Inference for Non-Conjugate LGMs. ICML (2013)

pt ∝ p0

t

∏
j=1

exp(−ℓj)
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Why are we able to unify all sorts of knowledge 
adaptation tasks? This is due to duality of Bayes.
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Information processing is additive in the dual space.
1.Khan et al. Fast Dual Variational Inference for Non-Conjugate LGMs. ICML (2013)
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Duality of (Exact) Bayes

40

Bayesian generalization with dual-pair ; see [3](pt, lt)

log∫ dp0

t

∏
j=1

exp(−ℓj) = min
q∈𝒫

t

∑
j=1

𝔼q[ℓj] + KL(q∥p0)

KL(pt∥p0) = min
f∈𝒫*

t

∑
j=1

𝔼pt
[ fj] + log∫ dp0

t

∏
j=1

exp(−fj)

1. Kimeldorf & Wahba. A correspondence between Bayesian estimation on stochastic processes and smoothing 
by splines. The Annals of Mathematical Statistics (1970)

2. Csató & Opper. Sparse on-line Gaussian processes. Neural computation (2002)
3. Zhu et al. Bayesian inference with posterior regularization and applications to infinite latent SVMs.JMLR (2014)

The duality of VB posterior extends this result to show 
that  is also a dual pair. (qt, ̂lt)

Log Marginal Likelihood KL

KL Log Marginal Likelihood



Adaptive Bayesian Intelligence
• Developing Adaptive Intelligence via Bayesian Principles
• Part 1: Bayesian Learning Rule [1] 

– Unifies many machine-learning algorithms
– We use it to improve Deep Learning [2] 

• Part 2: Posterior Correction [3]
– Unifies many knowledge-adaptation methods
– We use it to improve Continual learning [4], Variance 

reduction [5], and Distributed optimization [6]
• Bayes for the next-generation adaptive intelligence

41

1.Khan and Rue, The Bayesian Learning Rule, JMLR (2023)
2.Shen et al. Variational Learning is Effective for Large Deep Networks, ICML (2024) 
3.Khan. Knowledge Adaptation as Posterior Correction, arXiv (2025)
4.Khan and Swaroop. Knowledge-Adaptation Priors, NeurIPS (2021)
5.Daheim et al. SVRG and Beyond with Posterior Correction, ICML (2026) 
6.Moellenhoff et al. Federated ADMM from Bayesian Duality. ICLR (2026)



Towards Sustainable AI Training

42

I. Build a memory II. Predict the  
future behavior

III. Control and 
change course

Adaptive methods enable us to give more control to the 
developer and make better use of existing resources.

A sustainable AI marketplace to “reduce, reuse, recycle” 
models instead of training new models from scratch.



Bayesian Principles to Build the Next-
Generation Adaptive Intelligence [2]

• How can we reduce the cost of training AI? 
–What should the algorithm remember and what new 

experiences it should seek?
– Build a memory of the past, inject prior knowledge, and 

design a curriculum to slowly explore the future
– Note: Correction is (variational) information gain

• To truly reduce the cost, we also need
1. Encourage parsimony in data and parameters
2. Use local learning (brain-like learning)
3. Perform active self-guidance

• Adaptive Bayesian Intellignce is a path to sustainability

43
1. Khan and Rue, The Bayesian Learning Rule, JMLR (2023)
2. Khan. Knowledge Adaptation as Posterior Correction, arXiv (2025)

See the discussion in Sec 5 in Khan (2025)
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Adaptive Bayesian Intelligence Team
https://team-approx-bayes.github.io/

Nico Daheim joined 
as a post-doc at TU 
Darmstadt today!

https://team-approx-bayes.github.io/
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And many of our interns & collaborators over the past 10 years (2016-2026)
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Webpage:https://bayesduality.github.io/

Received total funding of JPY 240M + EUR 500K through the 
CREST-ANR grant! Thanks to JST for their generous funding!



Thank you!
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