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AI that learn like humans

Quickly adapt to learn new skills, throughout 
their lives
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Human Learning at 
the age of 6 months.
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Converged at the 
age of 12 months
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Transfer 
skills

at the age 
of 14 

months



Failure of AI in “dynamic” setting

6https://www.youtube.com/watch?v=TxobtWAFh8o The video is from 2017

Robots need quick adaptation to be deployed 
(for example, at homes for elderly care)

https://www.youtube.com/watch?v=TxobtWAFh8o


Human learning           Deep learning
Life-long learning from 
small chunks of data in 
a non-stationary world
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Bulk learning from a 
large amount of data in 

a stationary world

1. Parisi, German I., et al. "Continual lifelong learning with neural networks: A review." Neural Networks (2019)

Our current research focuses on reducing this gap!

2. Geisler, W. S., and Randy L. D. "Bayesian natural selection and the evolution of perceptual 
systems." Philosophical Transactions of the Royal Society of London. Biological Sciences (2002)

Bayesian Principles

Our research



Bayesian Learning Rule

• Bayesian principles as a general principle
– To unify/generalize/improve learning-algorithms
– By computing “posterior approximations”

• Bayesian Learning rule (BLR)
– Derive many existing algorithms
– Deep Learning (SGD, RMSprop, Adam)
– Design new algorithms for uncertainty in DL

• Dual perspective of BLR for life-long learning
• Impact: Everything with the same principle
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Abstract

We show that many machine-learning algorithms are specific instances of a single algorithm
called the Bayesian learning rule. The rule, derived from Bayesian principles, yields a wide-range
of algorithms from fields such as optimization, deep learning, and graphical models. This includes
classical algorithms such as ridge regression, Newton’s method, and Kalman filter, as well as modern
deep-learning algorithms such as stochastic-gradient descent, RMSprop, and Dropout. The key idea
in deriving such algorithms is to approximate the posterior using candidate distributions estimated by
using natural gradients. Di↵erent candidate distributions result in di↵erent algorithms and further
approximations to natural gradients give rise to variants of those algorithms. Our work not only
unifies, generalizes, and improves existing algorithms, but also helps us design new ones.

1 Introduction

1.1 Learning-algorithms

Machine Learning (ML) methods have been extremely successful in solving many challenging problems
in fields such as computer vision, natural-language processing and artificial intelligence (AI). The main
idea is to formulate those problems as prediction problems, and learn a model on existing data to predict
the future outcomes. For example, to design an AI agent that can recognize objects in an image, we
can collect a dataset with N images xi 2 RD and object labels yi 2 {1, 2, . . . , K}, and learn a model
f✓(x) with parameters ✓ 2 RP to predict the label for a new image. Learning algorithms are often
employed to estimate the parameters ✓ using the principle of trial-and-error, e.g., by using Empirical
Risk Minimization (ERM),

✓⇤ = argmin
✓

¯̀(✓) where ¯̀(✓) =
NX

i=1

`(yi, f✓(xi)) + R(✓). (1)

Here, `(y, f✓(x)) is a loss function that encourages the model to predict well and R(✓) is a regularizer
that prevents it from overfitting. A wide-variety of such learning-algorithms exist in the literature to
solve a variety of learning problems, for example, ridge regression, Kalman filters, gradient descent, and
Newton’s method. These algorithms play a key role in the success of modern ML.

Learning-algorithms are often derived by borrowing and combining ideas from a diverse set of fields,
such as statistics, optimization, and computer science. For example, the field of probabilistic graphical
models [Koller and Friedman, 2009, Bishop, 2006] uses popular algorithms such as ridge-regression [Ho-
erl and Kennard, 1970], Kalman filters [Kalman, 1960], Hidden Markov Models [Stratonovich, 1965],
and Expectation-Maximization (EM) [Dempster et al., 1977]. The field of Approximate Bayesian Infer-
ence builds upon such algorithms to perform inference on complex graphical models, e.g., algorithms

1

9Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021



10Machine Learning from a Bayesian Perspective, https://emtiyaz.github.io/papers/MLfromBayes.pdf

https://emtiyaz.github.io/papers/MLfromBayes.pdf


 The Origin of Algorithms

A good algorithm must revise its 
*past* beliefs by using useful 

*future* information
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See Section 6 (discussion) in Khan and Rue, 2021

1. Khan and Rue, The Bayesian Learning Rule, arXiv, https://arxiv.org/abs/2107.04562, 2021



Data
Model Params

Loss
min
✓

`(D, ✓)
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Principle of Trial-and-Error
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Frequentist: Empirical Risk Minimization (ERM) or 
Maximum Likelihood Principle, etc.

Deep 
Network

✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

Deep Learning Algorithms:

Scales well to large data and complex model, and 
very good performance in practice.

=
NX

i=1

[yi � f✓(xi)]
2 + �✓T ✓

<latexit sha1_base64="35dHaU37lSqKfw2FE7jmhuPgfPA="></latexit>



Generalized-Posterior approx.

Bayes Objective

13

1. Zellner, A. "Optimal information processing and Bayes's theorem." The American Statistician (1988)
2. Many other: Bissiri, et al. (2016), Shawe-Taylor and Williamson (1997), Cesa-Bianchi and Lugosi (2006)
3. Huszar’s blog, Evolution Strategies, Variational Optimisation and Natural ES (2017)
4. Smith et al., On the Origin of Implicit Regularization in Stochastic Gradient Descent, ICLR, 2021

min
✓

`(✓)
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min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs Entropy

See Section 1.2, Eq 2 in Khan and Rue, 2021



Generalized-Posterior approx.

Bayes Objective

14

1. Zellner, A. "Optimal information processing and Bayes's theorem." The American Statistician (1988)
2. Many other: Bissiri, et al. (2016), Shawe-Taylor and Williamson (1997), Cesa-Bianchi and Lugosi (2006)
3. Huszar’s blog, Evolution Strategies, Variational Optimisation and Natural ES (2017)
4. Smith et al., On the Origin of Implicit Regularization in Stochastic Gradient Descent, ICLR, 2021

min
✓

`(✓)
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min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs Entropy

Mean
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da
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tio

n
E(
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ss

)

Instead of the original 
loss, optimize a different 
(smoothed) one.
 
A popular idea of “implicit 
regularization” in DL [4] 
now, but also A common 
idea in many other fields

See Section 1.2, Eq 2 in Khan and Rue, 2021

ℒ(μ, σ) = 𝔼𝒩(θ|μ,σ2)[ℓ(θ)]



Bayesian Learning Rule

Unify, generalize, and improve 
machine-learning algorithms

15



A 2-step Bayesian Scheme

16

See Section 1.2 in Khan and Rue, 2021

Step 1: Choose an approximation (mix-exp-family)

Expectation parameters Natural parameters Sufficient statistics

q(✓) / exp
⇥
�>T (✓)

⇤
<latexit sha1_base64="Oeq3cXtocDvwDkSuRi7xorsSj8A="></latexit>

Gaussian distribution q(✓) := N (✓|m,S�1)
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Expectation parameters 
Natural parameters � := {Sm,�S/2}
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µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

µ := Eq[T (✓)]
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N (✓|m,S�1) / exp


�1

2
(✓ �m)>S(✓ �m)

�

<latexit sha1_base64="LNiRd3HCqoDWUiU+qQaNlQKVfGY="></latexit>

/ exp


(Sm)>✓ +Tr

✓
�S

2
✓✓>

◆�

<latexit sha1_base64="H8MTJf1BF2SFrBrbM8JHnkTocKo="></latexit>



A 2-step Bayesian Scheme
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Bayes learning rule:

Natural and Expectation parameters of an 
exponential family distribution q

(natural-gradient descent & mirror descent)

Khan and Lin. "Conjugate-computation variational inference: Converting variational inference in non-
conjugate models to inferences in conjugate models.” AIstats (2017).

Deep Learning algo: ✓  ✓ � ⇢H
�1
✓ r✓`(✓)

<latexit sha1_base64="H0nVksRm1FdAubJ+3atcm+Pshdw="></latexit>

min
✓

`(✓)
<latexit sha1_base64="rype1vC2qD2EpLGjK4ts6O9bHo8=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBAihrCr+DhJwItHBaOBbAizk95kyOzsMtMrhOBJD/6KlxwU8eDFb/Dm3zhJPPgqaCiquunuClMpDHreh5ObmJyanpmdy88vLC4tuyurlybJNIcqT2SiayEzIIWCKgqUUEs1sDiUcBV2T4b+1TVoIxJ1gb0UGjFrKxEJztBKTXcjiIVqBtgBZDQoBSUagJTFsbDddAte2RuB/iX+FylUDl5f7qKdwVnTfQ9aCc9iUMglM6bueyk2+kyj4BJu8kFmIGW8y9pQt1SxGEyjP3rjhm5ZpUWjRNtSSEfq94k+i43pxaHtjBl2zG9vKP7n1TOMjhp9odIMQfHxoiiTFBM6zIS2hAaOsmcJ41rYWynvMM042uTyNgT/98t/yeVu2d8r75/bNI7JGLNknWySIvHJIamQU3JGqoSTW/JAHsmTc+8MnGfnZdyac75m1sgPOG+fi4ublA==</latexit>

min
q2Q

Eq(✓)[`(✓)]�H(q)
<latexit sha1_base64="W6PRcm3r6WEIWwkgFlA7ZYELDSE="></latexit>

vs

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

Exponential-family Approx.

Natural Gradient

By changing Q, we can recover DL algorithms (and more)

See Section 1.2 and 2 in Khan and Rue, 2021

Step 2:
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Bayesian learning rule: � �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)

6
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Derived by choosing Gaussian with fixed covariance
� �� ⇢rµ (Eq[`(✓)]�H(q))

<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

m m� ⇢rmEq[`(✓)]
<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

m m� ⇢rm`(m)
<latexit sha1_base64="98CcIRFFgD6zRorNq9GoJPRyZI4=">AAACEHicbVA9SwNBEN3z2/gVtRRkUUQtDHeKaCWCjWUEE4VcCHObObO4H8funhJCfoKNnf4NGwtFbC3t/DduEgu/Hgw83pthZl6SCW5dGH4EQ8Mjo2PjE5OFqemZ2bni/ELV6twwrDAttDlPwKLgCiuOO4HnmUGQicCz5PKo559dobFcq1PXzrAu4ULxlDNwXmoU1yWNBaYOjNHXVNItGpuWpjRWkAhoeBeF2JCbjeJqWAr7oH9J9EVWD5fvergvN4rvcVOzXKJyTIC1tSjMXL0DxnEmsFuIc4sZsEu4wJqnCiTaeqf/UJeueaVJU218KUf76veJDkhr2zLxnRJcy/72euJ/Xi136X69w1WWO1RssCjNBXWa9tKhTW6QOdH2BJjh/lbKWmCAOZ9hwYcQ/X75L6lul6Kd0u6JT+OADDBBlsgK2SAR2SOH5JiUSYUwckMeyBN5Dm6Dx+AleB20DgVfM4vkB4K3T4sKn2A=</latexit>

Gradient descent:

Eq[`(✓)] ⇡ `(m)
<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

“Global” to “local” 
(the delta method)

� := m
<latexit sha1_base64="a96HRJceYu7AvbLB2G0npJD7GWA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswooghqwY3LCvYBnaFkMpk2NMkMSUYopb/hxoUibv0K/8Cdf2M67UJbDwQO55zLvTlhypk2rvvtFJaWV1bXiuuljc2t7Z3y7l5TJ5kitEESnqh2iDXlTNKGYYbTdqooFiGnrXBwO/Fbj1RplsgHM0xpIHBPspgRbKzk+9xGI4wur5Dolitu1c2BFok3I5Wbz9Mc9W75y48SkgkqDeFY647npiYYYWUY4XRc8jNNU0wGuEc7lkosqA5G+c1jdGSVCMWJsk8alKu/J0ZYaD0UoU0KbPp63puI/3mdzMQXwYjJNDNUkumiOOPIJGhSAIqYosTwoSWYKGZvRaSPFSbG1lSyJXjzX14kzZOqd1o9u3crtWuYoggHcAjH4ME51OAO6tAAAik8wQu8Opnz7Lw579NowZnN7MMfOB8/uDmTBg==</latexit>

Expectation parameters 
Natural parameters
Gaussian distribution

µ := Eq[✓] = m
<latexit sha1_base64="cNeSOwgBk16lIirR3C0fcoEhwJY=">AAACCHicbVA9SwNBEN3zM8avqKWFq0GwCneKKEIkEATLCCYRckfY22zMkt27c3dOCUcKCxut/RU2ForY+hPs/DfuJSk0+mDg8d4MM/P8SHANtv1lTUxOTc/MZuay8wuLS8u5ldWaDmNFWZWGIlQXPtFM8IBVgYNgF5FiRPqC1f1uOfXr10xpHgbn0IuYJ8llwNucEjBSM7fhyhgfFbErCXR8PznpN68aLnQYEA8XsWzm8nbBHgD/Jc6I5EubN+Kh/HhbaeY+3VZIY8kCoIJo3XDsCLyEKOBUsH7WjTWLCO2SS9YwNCCSaS8ZPNLH20Zp4XaoTAWAB+rPiYRIrXvSN53pvXrcS8X/vEYM7UMv4UEUAwvocFE7FhhCnKaCW1wxCqJnCKGKm1sx7RBFKJjssiYEZ/zlv6S2W3D2CvtnJo1jNEQGraMttIMcdIBK6BRVUBVRdIee0At6te6tZ+vNeh+2TlijmTX0C9bHN129m+g=</latexit>

Entropy

q(✓) := N (m, 1)
<latexit sha1_base64="VLIJksnLhlFGb0I6mjjY2mTg0ss=">AAACCHicbVC7SgNBFJ2NrxhfUQsLCweDsAEJu4pEBCFgYyURzAOyS5idTMyQ2Yczd4WwpLSx8UNsLBSxzSfY+SPWTh6FJh64cDjnXu69x4sEV2BZX0Zqbn5hcSm9nFlZXVvfyG5uVVUYS8oqNBShrHtEMcEDVgEOgtUjyYjvCVbzuhdDv3bPpOJhcAO9iLk+uQ14m1MCWmpm9+5MBzoMSB6fnWPHJ9ChRCRXfdM/xHYeN7M5q2CNgGeJPSG50k48eHLM73Iz++m0Qhr7LAAqiFIN24rATYgETgXrZ5xYsYjQLrllDU0D4jPlJqNH+vhAKy3cDqWuAPBI/T2REF+pnu/pzuGlatobiv95jRjap27CgygGFtDxonYsMIR4mApucckoiJ4mhEqub8W0QyShoLPL6BDs6ZdnSfWoYB8XTq51GkU0Rhrton1kIhsVUQldojKqIIoe0DN6RW/Go/FivBsf49aUMZnZRn9gDH4AN0KbMg==</latexit>

H(q) := log(2⇡)/2
<latexit sha1_base64="TeFJTJQysL/svzgL44d23d+iA7k=">AAACB3icbVC7SgNBFJ2NrxhfqxYWggwGYdPE3YhEBCFgkzKCeUB2CbOT2WTI7MOZWSEs6Wys/A8bC0Vs9RPs/BFrZ5MUmnjgwuGce7n3HjdiVEjT/NIyC4tLyyvZ1dza+sbmlr690xBhzDGp45CFvOUiQRgNSF1SyUgr4gT5LiNNd3CZ+s1bwgUNg2s5jIjjo15APYqRVFJHP7B9JPsYsaQ6Mm4K8PwC2izsGSU7ooXjUkfPm0VzDDhPrCnJV/bijwfb+K519E+7G+LYJ4HEDAnRtsxIOgnikmJGRjk7FiRCeIB6pK1ogHwinGT8xwgeKaULvZCrCiQcq78nEuQLMfRd1ZleLWa9VPzPa8fSO3MSGkSxJAGeLPJiBmUI01Bgl3KCJRsqgjCn6laI+4gjLFV0ORWCNfvyPGmUitZJ8fRKpVEGE2TBPjgEBrBAGVRAFdRAHWBwBx7BM3jR7rUn7VV7m7RmtOnMLvgD7f0H5ASbDA==</latexit>

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

Bayes Learn Rule:

See Section 1.3.1 in Khan and Rue, 2021
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Region with
a large loss

Loss

! →

Zero 
gradient

!∗

✓  ✓ � ⇢r✓`(✓)
<latexit sha1_base64="a6+5Yxu90ENkXxqRBNrJ/+cYKDo="></latexit>

⟹ ∇θℓ(θ*) = 0

⟹ ∇m𝔼q*
[ℓ(θ)] = 0 ⟹ 𝔼q*

[∇θℓ(θ)] = 0

GD:
m m� ⇢rmEq[`(✓)]

<latexit sha1_base64="mKRRHs0Ncb8WZ6GVhpi6k093WMo="></latexit>

BLR:

See Eq 25 in Khan and Rue, 2021 (Bonnet’s theorem)

Bayesian solution 
injects “noise” which has 
a similar regularization 
effect to noise in 
Stochastic GD. It prefers 
“flatter” directions.



SGD: Implicit Regularization

21(By Thomas Moellenhoff)



SGD: Implicit Regularization

22(By Thomas Moellenhoff)



Bayes: Implicit Regularization 
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Estimating Gaussian posteriors where the 
variance is fixed, and only the mean is estimated



Bayes: Implicit Regularization
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See Section 4.4 in Khan and Rue, 2021

𝔼q*
[∇θℓ(θ)] = 0 Assign lower 

probability to higher 
losses (large -ve grad) 

Region with
a large loss

Loss

! →

Zero 
gradient

!∗ !∗

"∗($)



Bayes: Implicit Regularization
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Bayes solutions (blue) compared to SGD solutions (red lines)



Deriving Learning-Algorithms from 
the Bayesian Learning Rule

Posterior Approximation   Learning-Algorithm⟷

26

Complex Simple

Bayes’ rule 
Gradient
DescentNewtonMixture 

of Newton

See Section 1.3 and 3.2 in Khan and Rue, 2021
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Derived by choosing a multivariate Gaussian

Expectation parameters 
Natural parameters
Gaussian distribution q(✓) := N (✓|m,S�1)

<latexit sha1_base64="DKCbWsaIbOyC4lwnalpsd19I1Zg=">AAACFHicbVDLSgNBEJyNrxhfUY+CDAYhQQ27iiiCEvDiSSKaByQxzE4myZDZhzO9QljzEV4E/REvHhTx6sGbf+NskoMmFjQUVd10d9m+4ApM89uITUxOTc/EZxNz8wuLS8nllaLyAklZgXrCk2WbKCa4ywrAQbCyLxlxbMFKduc08ku3TCruuVfQ9VnNIS2XNzkloKV6cusmXYU2A5LBR8e46hBoUyLC895QvsPONr68DnesXqaeTJlZsw88TqwhSeXWHyM85evJr2rDo4HDXKCCKFWxTB9qIZHAqWC9RDVQzCe0Q1qsoqlLHKZqYf+pHt7USgM3PanLBdxXf0+ExFGq69i6M7pajXqR+J9XCaB5WAu56wfAXDpY1AwEBg9HCeEGl4yC6GpCqOT6VkzbRBIKOseEDsEafXmcFHez1l52/0KncYIGiKM1tIHSyEIHKIfOUB4VEEX36Bm9ojfjwXgx3o2PQWvMGM6soj8wPn8ASxmg0w==</latexit>

� := {Sm,�S/2}
<latexit sha1_base64="fHjnr3/3r7/D+xibQRmAB8DwpFU=">AAACAXicbVDLSgMxFM3UV62vURcKboJF6ELrTEUqglBw47JS+4DOUDKZtA3NZIYkI5ShbvwAf8KNC0XcuvMT3Pkjrk0fC209EDiccy4393gRo1JZ1peRmptfWFxKL2dWVtfWN8zNrZoMY4FJFYcsFA0PScIoJ1VFFSONSBAUeIzUvd7l0K/fEiFpyG9UPyJugDqctilGSkstc9dhOuwjeH4BnaQSHMKjynEBOoOWmbXy1ghwltgTki3txB8PTu673DI/HT/EcUC4wgxJ2bStSLkJEopiRgYZJ5YkQriHOqSpKUcBkW4yumAAD7Tiw3Yo9OMKjtTfEwkKpOwHnk4GSHXltDcU//OasWqfuQnlUawIx+NF7ZhBFcJhHdCngmDF+pogLKj+K8RdJBBWurSMLsGePnmW1Ap5+yR/eq3bKIIx0mAP7IMcsEERlMAVKIMqwOAOPIJn8GLcG0/Gq/E2jqaMycw2+APj/QcLsphb</latexit>

µ := {Eq(✓),Eq(✓✓
>)}

<latexit sha1_base64="+od0oFA4OIy6U3mBfmU4FcpPHws="></latexit>

� �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

� (1� ⇢)�� ⇢rµEq[`(✓)]
<latexit sha1_base64="BkNToCKatl5ZdzOolUcQDn7KoPQ="></latexit>

�rµH(q) = �
<latexit sha1_base64="zzQxPR53TnAKbwz7GwCTcLjExB4=">AAACDnicbVA9TwJBEN3DL8Qv1NJmlZBgIbnTGG00JDSUmMhHwhEytyywYW/v3N3TkAuFNY2NP8TGQmNsre38Ny5goeBLNnl5b2Z25nkhZ0rb9peVWFhcWl5JrqbW1jc2t9LbO1UVRJLQCgl4IOseKMqZoBXNNKf1UFLwPU5rXr849mu3VCoWiGs9CGnTh65gHUZAG6mVzh5hV4DHoeX6EXZ90D0CPC4NczeH+AK73IxqQyudsfP2BHieOD8kU9i/46Pi4325lf502wGJfCo04aBUw7FD3YxBakY4HabcSNEQSB+6tGGoAJ+qZjw5Z4izRmnjTiDNExpP1N8dMfhKDXzPVI73VbPeWPzPa0S6c96MmQgjTQWZftSJONYBHmeD20xSovnAECCSmV0x6YEEok2CKROCM3vyPKke552T/OmVSeMSTZFEe+gA5ZCDzlABlVAZVRBBI/SEXtCr9WA9W2/W+7Q0Yf307KI/sD6+AXn3nho=</latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

� �� ⇢ (rµEq[`(✓)] + �)
<latexit sha1_base64="jKVIoiZqP+0Cz4aycu5oQngzcqI="></latexit>

Sm (1� ⇢)Sm� ⇢rEq(✓)Eq[`(✓)]
<latexit sha1_base64="L0YxREwgd4xVW52Hx4kXKtg8eag="></latexit>

�1

2
S  �(1� ⇢)

1

2
S + ⇢rEq(✓✓>)Eq[`(✓)]

<latexit sha1_base64="RvTTRGcWhoKWYWyVOATRBqr356E="></latexit>

S  (1� ⇢)S � ⇢2rEq(✓✓>)Eq[`(✓)]
<latexit sha1_base64="m7F8o13Jqv7EzTrgw8ytR43m1nI="></latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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Sm (1� ⇢)Sm� ⇢rEq(✓)Eq[`(✓)]
<latexit sha1_base64="L0YxREwgd4xVW52Hx4kXKtg8eag="></latexit>

S  (1� ⇢)S � ⇢2rEq(✓✓>)Eq[`(✓)]
<latexit sha1_base64="m7F8o13Jqv7EzTrgw8ytR43m1nI="></latexit>

m m� ⇢S
�1rm`(m)

S  (1� ⇢)S + ⇢Hm
<latexit sha1_base64="v9K1a5jlFvx60cg+XbCII4W4H7U="></latexit>

rEq(✓)Eq[`(✓)] = Eq[r✓`(✓)]� 2Eq[H✓]m

rEq(✓✓>)Eq[`(✓)] = Eq[H✓]
<latexit sha1_base64="1tKNoi6a6uPuQLwufe4gfqBe06A="></latexit>

✓  ✓ �H
�1
✓ [r✓`(✓)]

<latexit sha1_base64="cC3LQqRSdlYDPtPx6+bJYnkjhX8="></latexit>

Newton’s method:

Express in terms of gradient and Hessian of loss:
Eq[`(✓)] ⇡ `(m)

<latexit sha1_base64="qsg07BnB/paLQCxpgnk/lIhGH4M=">AAACE3icbVC7SgNBFJ31bXxFLW1GRVCLsKuIViIEwTKCeUB2CbOTm2TI7MOZu2pYUljb2ORXbCwUsbWx82+cPAqNHhg4nHMvd87xYyk02vaXNTE5NT0zOzefWVhcWl7Jrq6VdJQoDkUeyUhVfKZBihCKKFBCJVbAAl9C2W/n+375BpQWUXiFnRi8gDVD0RCcoZFq2X03YNjy/fS8W7uuuiDlrostQLbnUZfFsYru6EAN9mrZbTtnD0D/EmdEts82b+VDvndfqGU/3XrEkwBC5JJpXXXsGL2UKRRcQjfjJhpixtusCVVDQxaA9tJBpi7dMUqdNiJlXoh0oP7cSFmgdSfwzWQ/gR73+uJ/XjXBxomXijBOEEI+PNRIJMWI9guidaGAo+wYwrgS5q+Ut5hiHE2NGVOCMx75Lykd5JzD3NGlaeOUDDFHNsgW2SUOOSZn5IIUSJFw8kieyAt5tXrWs/VmvQ9HJ6zRzjr5BevjG5S3oO4=</latexit>

Delta Method

Set    =1 to get m m�H
�1
m [rm`(m)]

<latexit sha1_base64="30gUsIDe7mBYYbgyknga5qh7a6I=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIoeEnZ9oCcRvHhUMCpk16V30quDM7PLzKwSlnyFF3/FiwdFvIo3/8ZJzMFXQUNR1U13V5ILbqzvf3hDwyOjY+MTk5Wp6ZnZuer8wqnJCs2wyTKR6fMEDAqusGm5FXieawSZCDxLrg96/tkNasMzdWI7OUYSLhVPOQPrpLhal3Q1FJha0Dq7pZLW6WEsL8p60KWtUEEiIJY0RCHW5HoUV2t+w++D/iXBgNTIAEdx9T1sZ6yQqCwTYEwr8HMblaAtZwK7lbAwmAO7hktsOapAoonK/ltduuKUNk0z7UpZ2le/T5QgjenIxHVKsFfmt9cT//NahU13o5KrvLCo2NeitBDUZrSXEW1zjcyKjiPANHe3UnYFGph1SVZcCMHvl/+S041GsNnYPt6q7e8N4pggS2SZrJGA7JB9ckiOSJMwckceyBN59u69R+/Fe/1qHfIGM4vkB7y3T0BGnYw=</latexit>

⇢
<latexit sha1_base64="LY4aJqz59GMbQ6sd5USq7FFmmvw=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QE8S8OIxgjGBZAmzk9nskHksM7NCCPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcqZsb7/7ZVWVtfWN8qbla3tnd296v7Bo1GZJrRFFFe6E2FDOZO0ZZnltJNqikXEaTsa3eZ++4lqw5R8sOOUhgIPJYsZwTaXejpR/WrNr/szoGUSFKQGBZr96ldvoEgmqLSEY2O6gZ/acIK1ZYTTaaWXGZpiMsJD2nVUYkFNOJndOkUnThmgWGlX0qKZ+ntigoUxYxG5ToFtYha9XPzP62Y2vg4nTKaZpZLMF8UZR1ah/HE0YJoSy8eOYKKZuxWRBGtMrIun4kIIFl9eJo9n9eC8fnl/UWvcFHGU4QiO4RQCuIIG3EETWkAggWd4hTdPeC/eu/cxby15xcwh/IH3+QMgvI5K</latexit>

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

See Section 1.3.2 in Khan and Rue, 2021
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!∗ + #

Zero 
gradient

Small +ve 
gradient

Large –ve 
gradient

Region with
a large loss

Loss

!∗ − # !∗ %∗

&∗(!)

! →

(a)

Loss

Flat minima

Sharp minima

m�
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Figure 1: Two examples to illustrate the di↵erence between the solution of the ERM objective (Eq. 1)
vs those of the Bayes objective (Eq. 2). Panel (a): When the minima lies right next to a ‘wall’, the
Bayesian solution shifts away from the wall to avoid large losses under small perturbation, which is due
to the condition Eq. 25. Panel (b): Given a sharp minima vs a flat minima, the Bayesian solution often
prefers the flatter minima, which is again due to the averaging property.

variance. The compute cost is only slightly higher, but it is not an increase in the complexity, rather
due to a di�culty of implementing Eq. 45 in the existing deep-learning software. Khan et al. [2019]
further propose a slightly better (but costlier) approximation based on the FIM the log-likelihood, to
get an algorithm they call the online Generalized Gauss-Newton (OGGN) algorithm. Both OGN and
OGGN algorithms are scalable BLR variants for Laplace’s method in deep learning.

OGN’s uncertainty estimates can be improved by using variational-Bayesian inference. This im-
proves over Laplace’s method by using the stationarity conditions (Eqs. 25 and 26) with an expectation
over q(✓) [Opper and Archambeau, 2009]. The variational solution is slightly di↵erent than Laplace’s
method and is expected to be more robust due to the averaging over q⇤(✓) in Eqs. 25 and 26. Two
such situations are illustrated in Fig. 1, one corresponding to an asymmetric loss where the Bayesian
solution avoids a region with extremely high loss (Fig. 1(a)), and the other one where it seeks a more
stable solution involving a wide and shallow minima compared to a sharp and deep minima (Fig. 1(b)).
Such situations are hypothesised to exist in deep-learning problems [Hochreiter and Schmidhuber, 1997,
1995, Keskar et al., 2016], where a good performance of stochastic optimization methods is attributed
to their ability to find shallow minima [Dziugaite and Roy, 2017]. Similar strategies exist in stochas-
tic search and global optimization literature where a kernel is used to convolve/smooth the objective
function, like in Gaussian homotopy continuation method [Mobahi and Fisher III, 2015], optimization
by smoothing [Leordeanu and Hebert, 2008], graduated optimization method [Hazan et al., 2016], and
evolution strategies [Huning, 1976, Wierstra et al., 2014]. The benefit of the Bayesian approach is that
this kernel corresponds to q(✓) which adapts itself from data and is learned through the BLR.

Variational Bayesian version is obtain by simply removing approximation due to the delta method

15

Avoiding sharp minima

See Section 4.4 in Khan and Rue, 2021
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Bayesian learning rule: � �� ⇢rµ (Eq[`(✓)]�H(q))
<latexit sha1_base64="ZgoUih72jNp2X1gy1YFrJC9GVEM="></latexit>

We can compute 
uncertainty using a 
variant of Adam.

1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Table 1: A summary of learning algorithms derived from the BLR. Each algorithm is derived through
specific approximations of the posterior and natural-gradient. New algorithms are marked with “(New)”.
Abbreviations: cov. ! covariance, STE ! Straight-Through-Estimator, VI ! Variational Inference,
VMP ! Variational Message Passing.

Learning Algorithm Posterior Approx. Natural-Gradient Approx. Sec.

Optimization Algorithms

Gradient Descent Gaussian (fixed cov.) Delta method 1.3

Newton’s method Gaussian —–“—– 1.3

Multimodal optimization (New) Mixture of Gaussians —–“—– 3.2

Deep-Learning Algorithms

Stochastic Gradient Descent Gaussian (fixed cov.) Delta method, stochastic approx. 4.1

RMSprop/Adam Gaussian (diagonal cov.) Delta method, stochastic approx.,
Hessian approx., square-root scal-
ing, slow-moving scale vectors

4.2

Dropout Mixture of Gaussians Delta method, stochastic approx.,
responsibility approx.

4.3

STE Bernoulli Delta method, stochastic approx. 4.5

Online Gauss-Newton (OGN)
(New)

Gaussian (diagonal cov.) Gauss-Newton Hessian approx. in
Adam & no square-root scaling

4.4

Variational OGN (New) —–“—– Remove delta method from OGN 4.4

BayesBiNN (New) Bernoulli Remove delta method from STE 4.5

Approximate Bayesian Inference Algorithms

Conjugate Bayes Exp-family Set learning rate ⇢t = 1 5.1

Laplace’s method Gaussian Delta method 4.4

Expectation-Maximization Exp-Family + Gaussian Delta method for the parameters 5.2

Stochastic VI (SVI) Exp-family (mean-field) Stochastic approx., local ⇢t = 1 5.3

VMP —–“—– ⇢t = 1 for all nodes 5.3

Non-Conjugate VMP —–“—– —–“—– 5.3

Non-Conjugate VI (New) Mixture of Exp-family None 5.4

2.1 Bayesian learning rule as natural-gradient descent

Given the objective L(�) = Eq[¯̀(✓)+log q(✓)] in Eq. 2, the classical gradient-descent algorithm performs
the following update:

�t+1  �t � ⇢tr�L(�t). (15)

6
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

Code available at https://github.com/team-approx-bayes/dl-with-bayesFigure 1: Comparing VOGN [22], a natural-gradient VI method, to Adam and SGD, training ResNet-
18 on ImageNet. The two left plots show that VOGN and Adam have similar convergence behaviour
and achieve similar performance in about the same number of epochs. VOGN achieves 67.38% on
validation compared to 66.39% by Adam and 67.79% by SGD. Run-time of VOGN is 76 seconds per
epoch compared to 44 seconds for Adam and SGD. The rightmost figure shows the calibration curve.
VOGN gives calibrated predictive probabilities (the diagonal represents perfect calibration).

We demonstrate practical training of deep networks by using recently proposed natural-gradient VI38

methods. These methods resemble the Adam optimiser, enabling us to leveraging existing techniques39

for initialisation, momentum, batch normalisation, data augmentation, and distributed training. As a40

result, we obtain similar performance in about the same number of epochs as Adam when training41

many popular deep networks (e.g., LeNet, AlexNet, ResNet) on datasets such as CIFAR-10 and42

ImageNet. See Fig. 1 for Imagenet. The results show that, despite using an approximate posterior, the43

training methods preserve the benefits of Bayesian principles. Compared to standard deep-learning44

methods, the predictive probabilities are well-calibrated and uncertainties on out-of-distribution45

inputs are improved. Our work shows that practical deep learning is possible with Bayesian methods46

and aims to support further research in this area.47

Related work. Previous VI methods, notably by Graves [15] and Blundell et al. [4], require signifi-48

cant implementation and tuning effort to perform well, e.g., on convolution neural networks (CNN).49

Slow convergence is found to be problematic for sequential problems [43]. There appears to be no50

reported results with complex networks on large problems, such as ImageNet. Our work solves these51

issues by borrowing deep-learning techniques and applying them to natural-gradient VI [22, 51].52

In their paper, Zhang et al. [51] also employed data augmentation and batch normalisation for a53

natural-gradient method called Noisy K-FAC (see Appendix A) and showed results on VGG on54

CIFAR-10. However, a mean-field method called noisy Adam was found to be unstable with batch55

normalisation. In contrast, we show that a similar method, called Variatonal Online Gauss-Newton56

(VOGN), proposed by Khan et al. [22], works well with such techniques. We show results for57

distributed training with noisy K-FAC on Imagenet, but do not provide extensive comparisons. Many58

of our techniques can be used to speed-up noisy K-FAC too, which is promising.59

Many other approaches have recently been proposed to compute posterior approximations by training60

deterministic networks [44, 36, 37]. Similarly to MC-dropout, the posterior approximation is not61

flexible and it is difficult to improve the accuracy of the posterior approximations. On the other hand,62

VI offers a much more flexible alternative to apply Bayesian principles to deep learning.63

2 Deep Learning with Bayesian Principles and Its Challenges64

The success of deep learning is partly due to the availability of scalable and practical methods for65

training deep neural networks (DNNs). Network training is formulated as an optimisation problem66

where a loss between the data and the DNN’s predictions is minimised. For example, in a supervised67

learning task with a dataset D of N inputs xi and corresponding outputs yi of length K, we minimise68

a loss of the following form: ¯̀(w) + �w
>
w, where ¯̀(w) := 1

N

P
i `(yi, fw(xi)), fw(x) 2 RK

69

denotes the DNN outputs with weights w, `(y, ŷ) denotes a differentiable loss function between an70

2

VOGN: A modification of Adam but match the 
performance on ImageNet

https://github.com/team-approx-bayes/dl-with-bayes


RMSprop/Adam from Bayes

321. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).

RMSprop BLR for Gaussian approx

To get RMSprop, make the following choices
• Restrict covariance to be diagonal
• Replace Hessian by square of gradients
• Add square root for scaling vector

S  (1� ⇢)S + ⇢(H✓)

m m� ↵S
�1r✓`(✓)

<latexit sha1_base64="fTMsyehhC7I4gYoyh5dms3QHSNE="></latexit>

s (1� ⇢)s+ ⇢[r̂`(✓)]2

✓  ✓ � ↵(
p
s+ �)�1r̂`(✓)
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For Adam, use a Heavy-ball term with KL 
divergence as momentum (Appendix E in [1])

See Section 4.2 in Khan and Rue, 2021
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RMSprop Variational Online Gauss-Newton
g  r̂`(✓)
s (1� ⇢)s+ ⇢g2

✓  ✓ � ↵(
p
s+ �)�1g

<latexit sha1_base64="t5q2yBti/klN8/Dj8jBbc/zSivM="></latexit>

g  r̂`(✓), where ✓ ⇠ N (m,�2)

s (1� ⇢)s+ ⇢(⌃ig
2
i )

m m� ↵(s+ �)�1r✓`(✓)

�2 (s+ �)�1
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1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in Adam." ICML (2018).
2. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).
3. Lin et al. “Handling the positive-definite constraints in the BLR.” ICML (2020).

Available at https://github.com/team-approx-bayes/dl-with-bayes

The BLR variant from [3] led to the winning solution for the 
NeurIPS 2021 challenge for “approximate inference in 
deep learning”. Watch Thomas Moellenhoff’s talk at https://
www.youtube.com/watch?v=LQInlN5EU7E.

https://github.com/team-approx-bayes/dl-with-bayes
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Past and New Work

• Natural Gradient Variational Inference
1. Khan and Lin. "Conjugate-computation variational inference: 

Converting variational inference in non-conjugate models to 
inferences in conjugate models.” AIstats (2017).

2. Khan and Nielsen. "Fast yet simple natural-gradient descent for 
variational inference in complex models." (2018) ISITA.

• Mixture of Exponential family
3. Lin et al. "Fast and Simple Natural-Gradient Variational Inference with 

Mixture of Exponential-family Approximations,” ICML (2019).

• Generalization of natural gradients
4. Lin et al. “Handling the Positive-Definite Constraint in the Bayesian 

Learning Rule”, ICML (2020)
5. Lin et al. “Tractable structured natural gradient descent using local 

parameterizations”, ICML, (2021)

• Gaussian approx  Newton-variants⟷
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Gaussian Approximation and DL
1. Khan, et al. "Fast and scalable Bayesian deep learning by weight-perturbation in 

Adam." ICML (2018).
2. Mishkin et al. “SLANG: Fast Structured Covariance Approximations for Bayesian Deep 

Learning with Natural Gradient” NeurIPS (2018).
3. Osawa et al. “Practical Deep Learning with Bayesian Principles.” NeurIPS (2019).

37

Kazuki Osawa

(Tokyo Tech)

Siddharth 

Swaroop


(UCambridge)

Anirudh Jain

(Intern from 


IIT-ISM, India)

Rich Turner

(UCambridge)

Rio Yokota

(Tokyo Tech)

Runa Eschenhagen

(Intern from 

U Osnabruck)

Aaron 

Mishkin

(Intern


From UBC)

Frederik  

Kunstner

(Intern


From EPFL)

Didrik 

Nielsen


(Past: RA) Yarin Gal 

(UOxford)

Akash Srivastava

(UEdinburgh)

Voot Tangkaratt

(Postdoc, RIKEN-AIP)



• Binary Neural Networks (Bernoulli approx)
1. Meng, et al. "Training Binary Neural Networks using the Bayesian Learning 

Rule." ICML (2020).

• Gaussian Process
2. Chang et al. “Fast Variational Learning in State-Space GP Models”, MLSP (2020)

– For sparse GPs, BLR is a generalization of [1]

Extensions
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1. Hensman et al. “Gaussian Process for Big Data”, UAI (2013)



How to design AI that learn like us?

• Three questions
– Q1: What do we know? (model)
– Q2: What do we not know? (uncertainty)
– Q3: What do we need to know? (action & exploration)

• Posterior approximation is the key
– (Q1) Models == representation of the world
– (Q2) Posterior approximations == representation of the 

model
– (Q3) Use posterior approximations for knowledge 

representation, transfer, and collection.
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https://team-approx-bayes.github.io/

We have many open positions! 
Come, join us.

Approximate Bayesian Inference Team

https://team-approx-bayes.github.io/

